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INTEODUCTION TO THE THEORY OF FOURIER'S SERIES 

By Maxime Bocher 

The theory of Fourier's series, so interesting in itself and so important 
in its countless applications in pure and in applied mathematics, is treated at 
more or less length in almost all treatises on higher analysis. The problem 
mainly considered, and frequently considered to the exclusion of all others, 
is that of developing a given function in a Fourier's series and proving that, 
if the function is subjected to suitable restrictions, this development will ac- 
tually converge to the value of the function. While this problem is funda- 
mental, there are many other important questions connected with this subject. 
In the present treatment I have established the possibility of developing func- 
tions in Fourier's series by two different methods, the first (§§1-7) being built 
up around a central idea due to Poisson, while the second ( § § 11-13) is a modi- 
fication of Dirichlet's classic proof. If the reader wishes to see how brief the 
treatment of this central problem can be made, he is advised to turn at once to 
§§11-12 which are entirely independent of the preceding sections. Around 
this question of developability I have grouped numerous other questions of 
greater or less importance in the theory, including references, at least, to some 
of the most recent contributions to the subject. I hope thus to have made it 
possible for readers to pursue the study of the subject further in such direc- 
tions as they may select. In particular I should like to call attention to the 
elaboration contained in §9 of an interesting remark of Willard Gibbs con- 
cerning the nature of the convergence of a Fourier's series in the neighbor- 
hood of a point of discontinuity. 

A side of the subject into which I have not gone to any extent is the 
question of obtaining extremely broad classes of functions whose Fourier's de- 
velopments converge. In particular, with the exception of a few foot-notes in 
which the possibility of further extension is pointed out, I have restricted 
myself to the case, which alone occurs in the great majority of applications, in 
which the function to be developed has only a finite number of discontinuities. 

It is useless to try to gain any real mastery of almost any part of higher 

(81) 
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analysis without a firm grasp of the idea of uniform convergence of series,* 
and I have assumed familiarity with this idea and with the three or four 
fundamental theorems involved, on the part of the reader. Apart from this 
no knowledge beyond the elements of the calculus has been, in the main, as- 
sumed. Some readers, however, will find it desirable, at least on a first 
reading, to pass over a few of the more difficult formal proofs. 

For a comprehensive account of the historical development of this and 
allied subjects the reader is referred to the monograph by H. Burkhardt : 
Eiitwicklunyen nach oscilUrenden Functionen, which is now in course of pub 
lication by the German Mathematical Society. 

1. The Approximate Bepresentation of a Function by Means 
of a Finite Trigonometric Series. Fourier's Constants. A finite 
series of the form : 

nszk 

(1) 8^{x) = A + ^S^^^An cosnx + Bn sinnx), 

where the ^'s and B'a are supposed to be real constants, we will call a trigo- 
nometric series with ^ + 1 terms. 

It obviously represents a continuous periodic function of period 27r, which 
will depend on the values we assign to the coefficients A^ and B^. Suppose 
now that we denote by f{x) any real continuous periodic function of period 
27r, and enquire : how must the coefficients oj^ the finite trigonometric series 
Sjcix) be determined (the integer k being supposed given) so that it will give 
the best approximate representation of the function f{x) f In order that this 
question may have a precise meaning we must agree on some criterion accord- 
ing to which we shall decide which of two given functions gives the better ap- 
proximation iof{x). Let us write 

P,ix)=f(x)-S^{x). 

We may say roughly that the smaller the numerical values of Pk{x) the better 
is the approximation S^ix). It is however clear that a change in the coeffi- 
cients may decrease the numerical value of Pk{x) at some points while it 
increases it at other points. We will adopt, for the moment, the standpoint of 



•Reference maybe made t<i the first volumes of the treatises by Plcarcl and Goursat. 
For a more elaborate discussion, which will be found very useful in clcHring up the diffi- 
culties of the subject, see an article by Osgood, Bull. Amer. Math. Soc, vol. 3, p. 59 ; 1896. 
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the method of least squares and say that the smaller the value of the integral 

/,=y'|p,(a;)|V 

the better is the approximation S^{x). Our problem then is to make this 
int«gral regarded as a function of the 2k + 1 coefficients (Aq, Ai, • ■ ■ Af. ; 
£i, • • • B^) a minimum. For this purpose let us differentiate it partially 
with regard to the variables A„ and B„. We have 

(2) I, =£^ |/(x) I 'dx - 2 J'/lx) 8,{x)dx + £ I S,ix) ydx ; 

accordingly, since ^ — = cosnx and = sin nx, 

cA„ o±s„ 



dA 
and 

dL 



/IT rn 

f{x) cosnxdx + 2 / Sic(x)c08nxdx, 
■ir J — n 



v-^ = — 2 / f{x) sinnxdx + 2 / *S'i.(a5)sin nxdx. 

If we replace iSk(x) here by its value, each of the integrals in which it occurs 
breaks up into a sum of 2A; + 1 simple integrals of one or the other of the fol- 
lowing types, where ^ and q denote positive integers or zero : 

/ cos pxdx = \ ^ , l^ I sin pxdx = U ; 

/' „ , fx sin 2 px~\ ' 

/" . „ , rx sin2pxn'' 
y_^sinVcte = [_--^^J_^ = 



(3) 



/ sinpxcos^'Xt^x = i sm(p + q)x -\- sinyp — q)x \dx = ; 

/ cospxcosqxdx = i \cos{p — q)x + cos{p + q)x\dx = o\ 

7 7 Up^9)- 

/ sinpxsinqxdx = i \ iiOs(p — q)x — cos{p + q)x\dx = 0\ 
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Using these values we find : 

^ = - 2 / f(x)dx + AttA^, 

dl f" 

(4) -| ^ = — 2 / J{x) cos nx dx + 2'7rA„ 

I f{x) sin nx dx + 27r2?„. 



dA„ 



(n^O), 



= - 2 



Equatin*^ these partial derivatives to zero gives us necessary conditions for a 
minimum which completely determine the values of the ^'s and ^'s. That this 
determination really makes I^. a minimum we see at once by a glance at the 
second derivatives of this quantity with regard to the A's and ^'s obtained 
by differentiating (4) . The values of the coefficients thus determined we call 
with Hurwitz the Fourier's Constants of the function /(x), except that for the 
sake of greater uniformity in the formulae we take as the first of these con- 
stants not Ao itself but 2Ao. Our result may be stated as follows : 

I. Iff(x) is a periodic function of period 27r, real and continuous for 
all real values of x, and ifk is a given integer positive or zero, the finite trigo- 
nometric series with h + \ terms 



(5) 



n = k 

S^{x) = J fTo + ^ («n COS nx + 6„ sin nx) 



which gives the best approximate representation of this function in the sense of 
the theory of least squares, — i. e. tvhich gives to the integral 



(6) 



= j^J^f{,x)-S,{x)'^'dx 



the smallest value, — is that in which the coefficients a„ and b„ are the Fourier's 
constants off(x) : 

1 /■' 1 /"" 

(7) a„ = - / /(x)cos nx dx, *„ = - / /(a5)sin nx dx.* 

"J IT J ^ 

* The application of the method of least squares to the determination of the coefficients of 
finite trigonometric series goes back to Bessel (cf. §10). The theorem here given may be re- 
garded as a limiting case of Bessel's results, but was not explicitly stated by him. It was 
stated by Toepler, Wiener Anzeigen, vol. 13 (1876), p. 205. 
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Having thus determined the values of the coefficients which make the 
integral /j. a minimum, we can now easily determine the value of this mini- 
mum. The last two integrals which occur in formula (2) may be at once 
evaluated by means of formulre (7) and (3). We thus find : 



Substituting these values in (2) we have the result : 

II. The minimum value of the integral I^. is given by the formula 



(8) h = [_^ [/(^) \'dx - 7r[| + 2) {< + hi)^.* 

By taking a larger and larger number of terms in our series (.5) we shall 
get better and better approximations to our function f(x), as is seen either 
directly or by a glance at fornmla (8). The question thus naturally suggests 
itself whether the infinite trigonometric scries 

(9) -? + X^ (a„ cos nx + />„ sin nx) , 

n = l 

in which the coefficients are determined as the F<)urier's constants o{ f{x), 
may not give us, no longer an approximate, but a perfect representation off(x) . 
This is the fundamental question which lies at the foundation of the whole theory 
of Fourier's series. Any series of the form (9), whatever its coefficients may 
be, we will call a trigonometric series f while it is only when the coefficients 
of (9) are determined from some function f(x) by formulce (7) that we speak 
of (9) as a Fouriefs Series, or more explicitly as the Fourier's development of 
f{x). In using these terms we do not intend in any way to prejudice the 
question as to whether the series thus formed really represents the function 

♦ We note in passing tliat we find by exactly the same method that the best approxima- 
tion (understanding this term in the sense above adopted) to f(x) by a function of the form 
*i 

S(a„ cos nx + b„ sin nx), where ki and fe are given positive integers, is obtained by taking 
'i 
for the coefficients a„ and 6„ the Fourier's constants of f(x) ; and that if we denote by P(z) 

the difference between this function and /(«) we have 

/"„ j P(x) \'dx= SZ, !/( X) j Mx - ,r Z{al + bl). 

t There are of course other forms of trigonometric series, but, since no others are to 
be considered in this article, no ambiguity will arise. 
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f(x) or even whether it converges. We shall however ultimately find that 
whenever the Fourier's development converges it does represent the function 
f{x), and that, although there are cases where the series will diverge, these 
cases will not present themselves in any of the large classes of functions to 
which one ordinarily wishes to apply this method of development. 

We shall not attempt to use the method of least squares, which has led 
us naturally to the consideration of Fourier's series, to treat the question of 
the convergence of these series.* There is, however, one inference which may 
be immediately drawn from formula (8) and which will prove useful to us 
later. Since by (6) I^ cannot be negative, formula (8) shows us that 

Accordingly if we allow k to become infinite, the series we obtain on the left 
must converge since its terms are all positive and the sum of its first n + 1 
terms does not become infinite with n.| Hence the following theorem: 

m. If a„ and b„ are the Fourier's constants of any continuous periodic 
function f{x) , both the series 

will converge, and therefore 

lim a = lim i ^ 0. 

The foregoing results may be generalized if we note that the requirement 
we have so far made that/(a;) be continuous is not necessary. This function 
may be allowed to have a finite number of discontinuities in the interval 
— TT ^ a; ^ TT provided it remains finite at these points, neither the statements 
nor the proofs of the theorems we have established being in any way modified 

•An Interesting attempt to do this was made by Harnack, Math. Ann., vol. 17 (1880), p. 
128. This paper however must be used with great caution. 

t If we could show that /« approaches zero as k become infinite we should have es- 
tablished the formula 

This f ormnla.which Harnack attempted to prove, has recently been established by other methods ; 
cf. §4, formula (25), of the present paper. The theorem of the text and its proof are due to 
Harnack. 
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by this generalization. In fact it is not necessary to require even that /"(a;) be 
finite at the points of discontinuity, but merely that f\/(^x) i^'^dx converge 
when extended over any finite interval. This last generalization, however, 
being of less importance to us, we note merely the following results : 

IV. Theorems I, II, III still hold if the requirement that f(x) be every- 
where continuous be replaced by the requirement that it be finite and have in the 
interval — ir ^ x ^ ir only a finite number of discontinuities.* 

We now state for future reference the following facts concerning Fourier's 
constants which follow immediately from their definition (7).t 

V. If F(x) =fi(x) ± fi(x), each Fourier's constant of F is the sum or 
difference of the corresponding Fourier's constants off andf. 

VI. ^' F(x) = cf(x) , where c is a constant, each Fourier's constant of 
F is c times the corresponding Fourier's constant off 

VII. ff F(x) =f(x — a) and ifa^ and b„ are the Fourier's constants of 
f{x), then the Fourier's constants of F(x) will be 

A^ = a„ cos na — b^ sin na, 
-6„ = a„ sin na -\- b„ cos na. 

If in this last theorem (and a similar remark applies to the first two) we 
were to substitute in the Fourier's development of f{x) the quantity x — a 
in place of x, we should obtain a new trigonometric series whose coefficients 
are precisely the quantities A^, B„ last written. This, however, would not 
constitute a proof of VII for two reasons. First because we know nothing 
about the convergence of the Fourier's expansion of f{x) , and secondly be- 
cause even if we did know that this expansion really converges and represents 
/(a;) we should have no reason to feel sure that the expansion for F{x) ob- 
tained by the substitution is its Fourier's expansion, and not some other tri- 
gonometric expansion of this function. 

Finally we come to the following theorem which is one of the oldest gen- 
eral theorems in the whole theory of trigonometric series, going back as it 
does well into the eighteenth century :| 

*Or more generally that It be finite and integrable in Riemann's sense. 

t In all of these theorems we will assume, in order to ensure the existence of the 
Fourier's constants, that / | f{x) | dx, or in V / | /i(*) | dx, converges when extended over 
any finite interval. 

X It was explicitly stated by Euler in a paper written in 1777. Cf . on this subject 
Burkhardt's Berieht, p. 70. 



88 BOCHER [January 

VIII. If a trigonometric series converges in such a way that after it is 
multiplied by any continuous function we have a right to integrate it term by 
term, then this series is the Fourier's development of the function which it rep. 
resents. 

It should be noticed that the conditions of this theorem are fulfilled if 
the trigonometric series converges uniformly for all values of x, and also in 
many cases of non-uniform convergence. 

To prove this theorem we write the series in the form (9) and call its 
value /"(x). If we multiply first by cos nx and then by sin nx and integrate 
each time from — tt to tt we get, by using formulae (3) , 

/ /(x)cos nx dx = IT «„, / /(x)sin nx dx = it b„. 

Thus we see that «„ and 6„ are the Fourier's constants off(x) and the theorem 
is proved. 

2. Introduction of Convergence Factors. Since no complica- 
tions will be thereby introduced we will consider in this section functions of 
a somewhat more general character even than those referred to in theorem 
IV of the last section. We will denote the independent variable by <f> and 
will let f{<f>) be any real function with period 27r * which in the interval 
— TT ^ <f) ^ TT has at most a finite number of discontinuities, these discontinuities 
being of such a nature that f \f{(f>) \ d<f> converges when extended over any 
portion of this interval. We thus admit the following kinds of discontinuity : 

(a) Finite jumps. The function f(^) is said to have a finite jump of 
magnitude D at the point <f)Q if it is discontinuous at ^o but approaches a finite 
limit which we will call/(0o + 0) when <f) approaches <f>(, from above, and a 
finite limit which we will call/(<^o — 0) when <f) approaches (f>(, from below, 
and i{f((f>o + 0) —f{4>o — 0) = D. It should be understood that at the point <^o 
the function need not be defined at all, and if defined need not have either of the 
two values/(<^o + 0) or/(<^o — 0).t In fact the notation here used, which is 
essentially that of Dirichlet, though convenient is somewhat misleading since 

* A function is said to have tlie period 2p if, <f>o being any constant, the function is either 
not defined at either of the points 0o and 0o + 2/), or is defined at both of them, and has 
the same value at both. 

tit of course cannot have both, since we suppose our function to be single valued 
wherever defined. 
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the quantities /"((^ ± 0) are not the values which the function takes on at spe- 
cified points, but merely the limits approached by such values.* 

(b) Finite discontinuities. The point <^o is said to be a finite discontin- 
uity of f if there exists a constant ilf such that throughout the neighborhood 
of <^o w^e have | /(^) | < M. These finite discontinuities include the finite 
jumps mentioned above as a special case, but they also include such discontin- 
uities as the function sin(l/<^) has at <^ = 0. 

(c) Certain discontinuities ichere J (<f>) does not remain finite, such for 
instance as the following functions have at the point <f> = (f)^: 

or more generally any function of the form 

where > a > — 1, and F{<l>) remains finite at (^o» 

For functions of this sort the integrals which appear in the Fourier's 
constants 

1 /" 1 /■" 

(10) a„ = / f(<l>)coan<f>d<t), K = - f{<f>)smn<f)d^ 

evidently converge, and, if we introduce the positive constant 

M=l-J" \/{<t>)\d<f,, 
we have : t 

(11) \a„\^M, \b„\^M (n = 0, 1. 2, . . .)• 

* The case of a finite jump of magnitude zero deserves special mention. Here the 
function approaches a definite limit /C^o +0) = /(i^ — 0) as i^ approaches <t>o in any way. 
If A<t>o) were defined as this limiting value we should have no discontinuity at all. The dis- 
continuity is due either to a total luck of definition at 0o, or to tlie fact that /(0o) ^ f(<Po > 0)- 
This is Riemann's " hebbare Unstetigkeit." Of. Pierpont, Functions of Real Variables, vol. I, 
p. 212. 

t On account of the well known theorem : it fl\ f{<t>) \ d(p converges, and | F{<^) | § lf(</>) \ 
then /' F(<p) d<j> converges, and | /' F(<f>)d<t> I S / J /(0) I 'l<t>. 
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These inequalities are far from being enough to enable us to establish 
the convergence of the Fourier's series 

00 

(12) ^ + ^(a„cosn^ + 6„sinn«^). 

1 

We therefore follow Poisson* and introduce Convergence Factors r" into this 
series thus forming the new series 

(13) Y + ^^r''{a„ COS n<l> + 6„sinn^). 

1 
If we interpret (r, <^) as polar coordinates and confine our attention for 
the moment to points within and on the circumference of the circle r = R, where 
the positive constant i? is less than 1, we see from the inequalities (11) that 
no term of the series (13) can exceed in numerical value the corresponding 
term of the series 

and, this being a convergent series of positive constant terms, it follows that 
(13) is absolutely and uniformly convergent when r ^ R. Accordingly, 
since the terms of (13) are continuous functions of (r, ^), we have the 
theorem : 

I. The series (13) converges absolutely when r < 1. It converges uni- 
formly when r ^ R, where R is a positive constant less than 1. It represents 
a function F{r, <f>) which vi a continuous function of (r, «^) when r < 1. 

This theorem, however, gives us no information either as to the conver- 
gence of (13) when r = 1, or as to whether the function F(r, (f>) approaches 
a limit as r approaches 1. This last point we proceed, with Poisson, to settle 
by actually summing the series (13). 

By introducing the values (10) of the coefficients into (13) we get: 

{U)F{r,<l>) =^^f{^|r)dy|r + ^^^r"f(^fr)COSn{^}r-<t>)d^}r (r<l). 

Now consider the series 
(15) 1 + r cos e + r" cos 25-1- •• . ('' < !)• 

* Journal de I'Eeole Poly technique, Cahier 18 (1820), p. 422. Poisson uses t = — log r, so 
that his convergence factors have the form e— n«. Cf. also Sommerf eld's dissertation: 
Die leillkurlichen Functionen in der mathematischen Physik, Konigsberg, 1891. 
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This is the real part of the geometric series 

=l+2 + z2+... (\z\<l), 

where = r (cos +zsin0). Accordingly (15) converges to the value 

1 — r cos 
1 — trcosff + r^ 

Replacing by ■\lr — <p we get, after subtracting i from the series (15), 

^ ^ 1 — 2rcos(-</r— (^) -f- j'2 2 ^ T T/ 

If we regard r, (j) as constants, this series is obviously uniformly conver- 
gent for all values of i/r. Multiplying it through by /{-^J/ir and integrating 
term by term with regard to -^ from — ir to tr gives us precisely the series 
(14).* Accordingly : 

(17) F(r, <!>) =^JjW 1 _ ,, J^- :; ^) ^ ,. dt (r<l). 

This is I'oissoyi's Integral to whose discussion we will devote the next 
section. In doing this we follow out in modified form the line of thought 
distinctly marked out by Poisson and carried through in rigorous form by 
Schwarz. t 

* We are here usin<; the theorem : If «i(x) + U2(x) + ' " " »'« throughout the interval 
a ^x ^b a uniformly convergent series of continuous {of mare generally of finite and integrable) 
functions, and f(x) is a function such that /„ |/ (a;) | dx is convergent, then the series S f{x)un{x) may 
he integrated from a to b term by term. It is true that this last written series is not in gen- 
eral uniformly convergent if f(x) does not remain finite, but the same kind of reasoning 
that is used to show that a uniformly convergent series of continuous functions may be in- 
tegrated term by term may be readily applied here. 

tSee Crelle, vol. 74 (1872), p. 218. The treatment we shall give depends in part on a 
remark of Schwarz, Coll. Works, vol. 2, p. 360, partly on a note by the writer. Bull. Amer. 
Math. Soe., vol. 4 (1898), p. 424. 
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3. The Theory of Poisson's Integral. Let O be the origin, P 
the point whose polar coordinates are (r, ^), A the point on the unit circle 
with coordinates (1, -v/r), and B the point where the line -4P meets the circle 
again. This latter point we will speak of as being opposite to A loith regard 
to P. Let PA = p, PB — pi, and let us denote by s the length of the arc of 
the circle from the point where i/r = to the point A, so that s = ■^. 

The denominator of the fraction in (17) is p^, 
its numerator which is (1 — r) (1 + r) may, 
by a familiar geometrical theorem, be written 
ppi- Thus Poisson's Integral takes the form : 




(18) F{r,<i>)=l^jj{s)f!lds. 



NoAv consider a second chord through P which 
meets the circle in a point A' near to A and 
in a point B' near to B. Call the arcs AA' and 
BB' ds and ds^ respectively. By similar trian- 
gles we have PA/PB' = AA'/BB', and if we 
regard ds as an infinitesimal, these ratios differ by infinitesimals from p/pi and 
ds/dsi respectively. Hence Poisson's Integral may be written : 



(19) 



F{r,4>) = ^~ jy{s)ds,. 



This very simple form is due to Schwarz and was interpreted by him in the 
following manner : 

I. If the value which the function f(s) has at every point of the unit 
circle be transferred to the opposite point with regard to P, the arithmetic mean 
of the resulting distribution of values is equal to the value of F at P. 

Another interpretation which avoids the necessity of any shifting of the 
values oif{s) may be reached as follows. 
We note first the simple lemma : 
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If two cirdeit with centres at O and O^ intersect orthogonally at A, and if a 
chord through A cuts the circles at B and P respectively, then the radius OB 
of the first circle is parallel to the tangent drawn 
at P to the second. 

For the radius OA of the first circle is 
tangent to the second, and therefore the angle 
which the tangent at P makes with AB is 
equal to the angle OAB which in turn is 
equal to OBA. 

We may state this lemma a little more 

precisely, if, as is the case in our figure, P 

lies within the first circle. Then the direction 

of the i-adius OB is exactly opposite to the 

direction at P of the arc PA, this arc being understood to mean that part 

of the second circle bounded by the two points P and A which lies wholly 

within the first circle. 

The following theorem now follows at once. 

II. Given a circle O with centre at 0, tivo points A and A' upon it, and a 

point P ivithin it. Two arcs of circles 
PA and PA' are drawn within C cutting 
O orthogonally. If the straight lines PA 
and PA' meet O again in B and B' respec- 
tively, then the angle BOB' is equal both in 
magnitude and in direction to the angle 
between the arcs A PA'. 

For the directions at P of the arcs 
PA and PA' are by our lemma exactly 
opposite to the directions of the radii 
OB and OB'. 

Let us now, i-eturning to Poisson's In- 
tegral, denote by 6 the angle which a circle 
through P cutting the unit circle orthogo- 
nally at the variable point A makes with a fixed circle of the same sort. 
Then by the theorem just proved 




d0 = dsi. 



94 BOCHEK [January 

and accordingly Poisson's Integral may be written : 

(20) nr,<l>)=^jy{s)de. 

This formula may be interpreted as follows : 

III. If we imagine that at each point on the unit circle the value of f{s) 
at that point has been marked, then the value of F(r, <f>) at any point P within 
the circle is equal to the average of these values as they would be read off' by an 
observer at P who turns with uniform angular velocity and who is situated in a 
refracting medium which causes the rays of light reaching his eye to take the 
form of circular arcs orthogonal to the unit circle. 

Let us now consider the angle formed at P by two arcs through P ortho- 
gonal to the given circle and meeting it in M and iV. There are of course two 
such angles whose sum is 27r. These we may regard as subtended respectively 
by the two arcs of the circle bounded by M and JV. Let us choose one of 
these two arcs and call it the arc ilifiV, and consider the angle between the two 
circular arcs at P which is subtended by MJV. If now, M and i\r remaining 
fixed, P approaches as its limiting position a point L on the given circle not 

on the arc MIf, the angle at P evidently 
changes continuously, and since it is zero 
when P coincides with L it must be ap- 
proaching zero as its limit. Hence the 
lemma : 

IV. If Ly M, N are three distinct 
points on a circle, and t) any positive con- 
stant, a region can be marked off about the 
point L such that if P is any point within 
this region and also within the circle, and if 
two circular arcs PM and PIf are drawn 
within the given circle and orthogonal to it, 
the angle between these arcs subtended by the arc M2f(not MLN) is less than -q. 
A proof of this lemma a little more complete than that given above is 
the following. Foi' the sake of convenience of statement take the radius of 
the circle as unit of length. Lay off from L two arcs of length jj/2, namely 
LMi in the direction LM, and LI^i in the direction LN. Draw the chords 
MNi and iOfi intersecting in Q, a point in the circle. Then the region 
bounded by the two straight lines QM^ and ^iVj and by the arc MiLN^ is a 
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region of the kind required.* For the angle between the arcs PJf and PiVis 
measured, according to II, by the arc intercepted between the points where 
the lines MP and JSfP meet the circle again ; and since these points must lie 
between Mi and iVj, the length of this arc is less than tj. 

We are now in a position to consider the important question whether the 
function F{r, <p) approaches a limit as the point (r, <^) approaches a point 
(1, ^o) on the circumference of the unit circle. In doing this we will at first 
suppose tha,tf{ilr) is continuous when i/r = <^o. Let us denote as before by P 
the point (r, 4>),hy L the point (1, </>o). Interpreting the value of i^ at P 
by means of III, we see from IV that by bringing P near enough to L the angle 
which any arc of the unit circle on which L does not lie appears to the observer 
at P to subtend can be made as small as we please, and therefore the values 
which /(i^) has on this arc will have less and less influence on the value of the 
average F. The only points which, when P comes to lie very near to L, have 
any appreciable influence on this average are the points in the immediate 
vicinity of X, and therefore this average comes nearer and nearer to the value 
o(f{yfr) at L. Hence the following important result discovered by Poisson : 

V. Iffi'f^) is continuous at the point -^ = (f>o, then 

}TlF(r,<l>) = /(<f>o), 

it being understood that in this limiting process r and <f) are independent vari- 
ables, and r < 1. 

The formal proof of this theorem, of which the reasoning just given may 
be regarded as a rough sketch, is as follows, f 

Consider first the function 



F^{r, <),) = r'f{s)dd, 

J9, 



and suppose that L does not lie on the arc 6^ & 9 ^ 6^. We wish to prove 
that this function approaches zero as P approaches L ; that is, that however 
small the positive quantity e may be, we can surround Z by a region so small 
that for all points P within it and also within the unit circle |Pi(r, ^) | < e. 



♦ A much larger region could easily be found. The locus of P when the angle in 
question is equal Xfi i) is readily shown to be the arc NQM of the circle through these three 
points, and the largest region throughout which this angle is less than )j is the crescent 
bounded by the arc just mentioned and the arc NLM. 

t This proof, which covers the next two and a half pages, may be omitted if the reader 
wishes to do so. 
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If/ remains finite on the arc 6i ^ 6 ^ 6,^, denote hj M a. positive quantity such 
that for all points on this arc | /(.«) | < M. Then 






and now take a region around L so small that for all points within it and also 
within the unit circle 

e,-e,< ^. 

The possibility of doing this is established by IV. For points within this 
region we have then \J^(r, (f))\ < e as was to be shown. 

We must, however, still consider the case in which at one or more points 
on the arc di ^ 6 ^ 6^ the function /'(.s) fails to remain finite. For this pur- 
pose let us determine the posilioji of points on this arc by means of the angle 
■yjr measured from the centre of the circle ; and denote by i/rj and i/tj the values 
of 1^ corresponding to the extremities 0i and 02 of this arc. Denote the points 
in whose neighborhood y fails to remain finite on this arc hy yfr = aj, Oj, • • • a/^, 
and mark off a neighborhood around each of these points so small that 
/ Ifi"^) I ^'^ extended over any one of these neighborhoods is less than €/2k. 
Let us now break up the function /'(i/r) into two parts : 

where fi{'<lf) is equal to zero everywhere except in the neighborhoods of 
«!)••• "'k i^^^ determined, while in these neighborhoods it is equal to /(yjr) ; 

|/i(i/r) \dyfr < -. On the other hand^(A/r) will be zero in the 

neighborhoods of oj, • • • a^ and will be equal to /(i/^) everywhere else. It 
will therefore be finite throughout the whole arc, so that from what was just 
proved a region can be marked off about L such that when P is in this region : 



€ 

<2 



Now we have : 



F,{r,4,) = r'f,(f)d0+ rMf)d0, 

,/e, Je, 
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and accordingly it merely remains to show that a region can be marked off 
about L such that, when P is within it, the first of these two integrals is in 
absolute value less than e/2. The reasoning which tooic us above from for- 
mula (18) to formula (20) shows at once that : 






and now it is easy to see that a region can be marked off around L such that when 
P lies within it pi < p for all points i/r on the arc -ip-i ^ ifr ^ -^j.* Accordingly 
for points P in this region 



A I Ml ^ 



Thus we have completed the proof that in all cases f\{r, ^) approaches zero 
as P approaches X. 

Let us now come back to the function F(r, <f)) itself. We may write : 



F{r, <!>) -/(<^o) = ^£ \fW -Ah)] 



cW. 



Let us now determine a positive <5 such that when | ->/r — ^q | < 8, 
\f{^) —f((f>o) I < e/2. This is possible since we have assumed/ to be contin- 
uous at <^o' For the sake of simplicity of notation we will measure the angle 
so that when ■^ = ^o, ^ = 0, and we will call the value of when yfr = <f>Q -{- S, 
I, and when ■x^ = <^o — 8, — |. We have : 

F{r, <!>) -/(<^o) = ^£ \fW -A<f>o)']d0 + ^£~' [/(,/r)_/(<^o)] d0. 

The second of these integrals approaches zero as its limit as P approaches L 
since it is of the form of the integral F^ considered above, except that/(i|r) is 
replaced by/(i^) —f(<f>o)- Accordingly by restricting P to a certain neigh- 
borhood of L we have : 



1 I r2n-(r- -I I 



e 
<2 



♦ For when P lies at L, p\ =0 and p Is for all values of f on the arc at least as great as 
the distance from P to the nearer end of the arc ; and as P moves away from L both p and 
and PI vary continuously. It is easy to see that the largest region of this sort about L is 
the region bounded by the arc of the circle on which L lies and by two circles touching the 
unit circle at ^f-i and ^2 respectively and passing through the origin. 
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We also have : 

Accordingly 

1^^,^, '^)-/(<^o)| <e. 

and our theorem is proved. 

We might now go on to the consideration of the behavior of i^ (r, (f>) as P 
approaches a point L on the unit circle at which / is not continuous. Al- 
though various theorems might be established here,* we will prove only one 
which we shall find useful later : 

VI. Iffi^'^) Jio,s a finite jump at <j>q, 

l™7?'(r, ,^0) = i [fi<t>o + 0) +A4>o - 0)]. 

It should be noticed that this is a much more special theorem than the last 
since (r, (f>) is now approaching its limiting position (1, ^4) along a radius. Let 
us again measure 6 so that when ■\jr = <j>o, = 0. We will break up Poisson's 
integral into two parts, thus : 

and prove that the first part approaches if{4>(j + 0) as its limit, the second 
if{^(, — 0). That this is so is very evident from the interpretation III of 

* For instance the following : 

If f{<fi) becomes positively (negatively) infinite at <pu, F{r, 4>) becomes positively {negatively) 
infinite as (r, ^)approaches (1, *o) in any way. 

If we denote by M and m the upper and lower limits of indetermination (of Stolz, Theor- 
etische Arithmetic, p. 169) of f at the point 0o, then, however small the positive quantity e, a neigh- 
borhood of (^1, <t>o) can be marked off throughout which 

m — € < F(r, <(>)< M + e. 

A special case of this last, is the following : 

// /(^) has a finite jump at <t>t), then, no matter how small the positive quantity e, a neighbor- 
hood of (l,<t>o) can be marked off in which 

/(0o — 0)— £ <F(r, 0)</(0o +0)+€ if fi<h — OX f{<h + 0), 

/(<M + 0) — £ < i?'(r, <-) < /(.^ — 0) -I- « if /(0o + O)</(0o — 0). 

The truth of all these theorems is evident from the interpretation III of Poisson's integral, 

and the formal proof is easy. 
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Poisson's integral. The formal proof, which we give only for the first part, 
since it is precisely similar for the second, is as follows : 

The positive quantity e being given at pleasure, let us determine a posi- 
tive S such that when <po < tir < ^q + S, \f('^) —f(<f>o + 0) | < e/2, and when 
f = <j>o + 8letd=^. Then 

^JJ/W^^ - if(<f>o + 0) = ^f [/W -A<t>o + O)]d0 

+ ^j\Af)-A<f>o + o)y0. 

The second of these expressions, by what we proved above about the function 
we called i'\, approaches zero as r approaches 1. The first is in absolute value 

less than » a~" < "o • Accordingly for all values of r suiEciently near to 1 we 

have 



^jf7w^^-4/(</>o + o) 



<e, 



and the proot that the first half of the above expression for F approaches 
J/(^o + 0) is complete. 

4. Applications of the Theory of Poisson's Integral. The 

results of the last section show that if f{<p) is any real function with period 
2v which in the interval — ir ^ <f> ^ tr has only a finite number of disconti- 
nuities and is such that f\f(4>) \ d<p converges when extended over any portion 
of this interval, then /"may be obtained at any point where it is continuous as 
the limit of an infinite trigonometric series as the coefficients of this series ap- 
proach, in a certain manner, the Fourier's constants of y. Since the formation 
of an infinite series is itself a limiting process, we have to deal here with a 
double limit and our result may be written : 

t* _ 

-^ + V'(a„cosn^ + 6„sinn<^)r" (^>1), 

where the a's and the 6's are the Fourier's constants off. If we had the right 
to reverse the order in which these limits are taken we should have the result 
thatyis represented by its Fourier's development. But we do not have this 
right; and there are actually cases in which f, though continuous, is not rep- 
resented by its Fourier's development. 
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Although this most obvious application of the theory of Poisson's integral 
is impossible, there are certain other important applications to the theory of 
Fourier's series on the one hand and to the theory of finite trigonometric 
series on the other, which we will now develop. 

Suppose that ^o is a point at which / is continuous. Then the function 

F{r, <^o) =-|- + 2 (a„cosn<^o+ 6„sinn^o)»'" (^ < 1) 

1 

will, by theorem V of the last section, approach f{4>o) *8 its limit as r ap- 
proaches 1 . But by a well known theorem of Abel * we know that if a power 
series in r, such as this, converges when r = 1 to the value A, the function 
represented by the series when r < 1 will approach the value A &sr approaches 
1. Thus we have established the important theorem :t 

I. ^ the real function f{<\>) with the period 27r has in the interval 
— TT ^ <f> ^ TT only a finite number of discontinuities and is such that 
S\f(<l>) \d(l) converges when extended over any part of this interval, then if the 
Fourier's development of f ((f)) converges at a point ^o where f is continuous, 
it will converge to the value f(<l>o)- 

A second theorem of the same sort, whose proof follows in the same way 
from theorem VI of the last section is this : 

II. If f{4)) satisfies the same conditions that wereimposed in I and if4>o 
is a point at which f(^) makes a finite jump, then if the Fourier's development 
off{^) converges at <f>Q, it will converge to the valv£ 

K/('^o + 0) +/(<^«-0)].t 

* For a proof see, for instance, Picard's treatise, vol. 1, p. 220. 

tSee Bonnet, Memoires de VAcademie de Selgiqiie, vol. 23 (1860), p. 11. This is the only 
application of Poisson's integral of which we shall make essential use in the subsequent sections. 
The rest of this section may be omitted on a first reading if so desired. 

X The following further theorems may be obtained in the same way from the theorems of 
the foot-note on p. 98. In all of them we suppose / to satisfy the conditions stated in I. 

^/ fW becomes positii>ely (or negatively) infinite at <^, its Fourier's development wiU not 
converge at that point, 

^f /(^) ''^'^ o finite discontinuity at 0o, its Fourier's development, if it converges at ipo, will 
converge there to a value lying between the limits of indeiermination at that point; and in particular, 
if m^ and Af-(- are the lower and upper limits of indetermination for <t>o + 0, and m — , M— the 
similar limits for <t>o ~ 0, the value of the Fourier's development at <t>o, if it converges there, will lie 
between 4 (m+ + m—) and 4 {M+ + M—). 

Farther results of the same sort may l)e obtained by using the extension of Abel's theo- 
rem which says (cf. Stolz: Allgemeine Arithmetik, vol. 1, p. 279) that if a power series in r 



1906] THEORY OF FOURIER'S SERIES 101 

An immediate result from I is the theorem : 

ni. If all the Fourier's constants of a real, continuous function with 
period 2-ir are zero, the function is identically zero.* 

In fact it is not necessary to require that the function be continuous, but 
merely that it satisfy the conditions stated in I. In this case, however, from 
the vanishing of all its Fourier's constants we can merely infer that the func- 
tion must vanish at all points where it is continuous. From this generalized 
form of the theorem we infer at once the further result : 

IV. If two functions fi(<f)) andf((j)) have the period 2-jr and each has 
in the interval — tt^x^tt at most a finite number of discontinuities, and the 
integrals f\fi((f>) \d<)), f\f(4>) \d(f> converge when extended over any part of 
this interval, then if all the Fourier's constants off are respectively equal to the 
corresponding Fourier's constants off,fi andf^ will be equal except perhaps at 
the points where one or both of them are discontinuous. 

FoTfi(<f>) —fi{<\>) is a function which satisfies the conditions in I and 
whose Fourier's constants are all zero. 

We proceed now to another class of facts of which the simplest is the 
following : 

V. Iff{(^) is a continuous function with the period 2-jr, and if into the 
Fourier's development off{^) we introduce the convergence factors r" (r < 1), 
the resulting series, which always converges, approaches unipormlt the value 
f(4>) as r approaches 1. 

To prove this let us define a function F{r, <f>) for all points within and 
on the circle r = 1, the definition for points within this circle being the 
same as the definition of i^ in §2 (i. e. the value of the Fourier's series 

diverges to + oo (or to — « ) when r = 1 and converges when | r | < 1, then the function rep- 
resented by the series becomes positively (or negatively) infinite as r approaches I. From this 
we infer the theorem : 

TTke Fourier's development off(<t>) cannot diverge to + oo (or to — oo ) except atpoints where 
f(<t>) is positively (or negatively) infinite. 

* This is practically a very special case of a theorem enunciated, though not satisfactorily 
proved, by Liouville in the first volume of his journal (1836) p. 261 (cf. §10 of the present paper). 
The theorem follows also at once from formula (25) below : 



-r 



r/(^)Pd0=|+f(a2 + 62). 
^ 1 



Knesei has recently shoyrn (Sitzttngsberichtf. d. Berl. math. Ges., vol. 3, p. 28, 1904, which ap- 
pears as a supplement to ser. 2, vol. 7 of the Archiv d. Math. u. Phys.) how the theorem may be 
deduced from Weierstrass's theorem concerning finite trigonometric series (theorem VI below). 
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after the convergence factors have been introduced), while F{l,<f>) shall 
by definition be/(^). By theorems I, §2 and V, §3 this function is con- 
tinuous within and on the circumference of the unit circle. Making use then 
of the fundamental theorem which tells us that a function continuous within 
and on the boundary of a region is uniformly continuous there,* we see that 
however small the positive quantity e may be, a positive constant r^ < 1 can be 
found such that 

|/(^) — F(r, <^) I < e when ri ^ r < 1. 

This, however, is what we mean by saying that F(r, <f)) approaches y(^) uni- 
formly as r approaches 1. 

The theorem just established enables us to prove with Picard f the fol- 
lowing fundamental theorem due to Weierstrass : 

VI. If f{^) is any function real and continuous for all real values of <f> 
and having the period 2v, it is possible to represent it to any desired degree of 
approximation by means of a finite trigonometric series 

k 

Sk{'¥) = iA +^ (Acosw«^ + B„smn<i>) ; 

1 

that is, € being an arbitrarily small positive constant, it is possible to choose the 
integer k and the constants Aq, • • • Ay. and By, • • • B^ in such a way that for 
all values of <f>, 

1/(0) - S,(4>) I < 6. 

* A function is said to be continuous at a point P if, no matter how small the positive 
quantity e may be, a positive 5 can be found such that if Q is any point at a distance from Pless 
than S (or, when P is on the boundary of the region in which we are considering our function, If 
Q is any point belonging to the region whose distance from P is less than 5) the values of the 
function at P and Q differ by less than c. It is said to be continuous throughout a region if it 
is continuous in this sense at every point of the region. It is said to be uniformly continuous 
throughout the region if, however small the positive e, a positive S can be found such that If P 
and Q are any two points of the region whose distance apart is less than S, the values of the 
function tit these two points differ by less than e. — These definitions apply to space of any 
number of dimensions; i. e. to functions of any number of variables. The theorem of the text 
is proved for the case of functions of one variable by Picard on p. 3 of the first volume of his 
treatise. The reader who is not familiar with this Important idea is advised to study that 
proof and then to construct for himself along similar lines the proof for the case we need here 
of functions of two variables. 

t See Traite d'analyse, 2d ed., vol. 1, p. 276, Where an account of Welerstrass's original 
method will also be found. 
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To prove this we first choose a positive constant p < 1 such that for all values 
of ^ 

(22) \f(<l>)-F(p,<l>)\<~. 

That this is possible is seen from V. By theorern I, §2 we see that the series 

go 

F(p, 4>) = ^ +2^ />»(a„co8 n4> + b„smn<f>) 
1 

is uniformly convergent for all values of ^ ; so that, if we denote by /St(^) the 
sum of its first k + I terms : 

k 

(23) Sui^) = J + 2 P"("««os ncj) + 6„sin n<}>) , 

1 
we can then choose k so large that 

(24) \F{p,c}>)-&\(4>)\<l. 
From the inequalities (22) and (24) follows 

\f(<l>)-S,(cf>)\<e, 

and we have in the function S,c{<j>), given by (23), the finite trigonometric 
series whose existence was aflSrmed in VI. 

It should be carefully noticed that this approximate representation of the 
function f{<f>) is not by any means what we should get by taking a number of 
terms at the beginning of the Fourier's development of /(<^), since the coeffi- 
cients of Sii((f>), with the exception of the first, are not the Fourier's constants 
of7(<^), but are obtained by multiplying these constants by positive quantities 
less than 1.* We may therefore say, referring to theorem I, §1, 

VII. Weterstrass'si approximate representation of a continuous periodic 

function f{<j>) by means of a finite trigonometric series of k + I terms is not so 

good an approximation, if we take the standpoint of the method of least squares, 

as is the sum of the first ^ + 1 terms of the Fourier's development of f {<(>). It 

* It follows that if in the Fourier's expansion of /(i^) certain terms are missing, the 
same terms will be missing in the approximate representation of the fanction which we have 
given here. 

t Formula (23) is really not Weierstrass's representation of f{<p) but Picard's. Weier- 
strass's differs from it in that the factors p" are replaced by p'•^ The remark here made applies, 
however, to both cases. 
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may, however, and, in some cases at least,* it will be a better approximation 
than the sum of the first A; + 1 terms of the Fourier's development if we measure 
the closeness of the approximation by the size of the largest error. 

It would be of interest to determine for a given integer h the coefficients 
of a trigonometric series oik + 1 terms so that it may give the best approxi- 
mation in the sense just described to a given function. t So far as the writer 
knows, this problem has never been solved. 

Without stopping to give any of the important and interesting applica- 
tions of Weierstrass's theorem, J we turn now briefly to the case of discon- 
tinuous functions. We will consider only finite discontinuities, of which, in 
any finite interval, there are to be only a finite number. Let us denote the 
points of discontinuity in the interval — tt < </> ^ it arranged in order of 
magnitude by ^i, i^.^, • • • (f>„ and let <f>i +2 ir = <f>^ ^ i. Let e be a positive 
constant. 

By one of the foot-notes on p. 98 we see that it is possible to find a pos- 
itive constant 8 < 1 such that 

m,-e< F(r, <(>) < M, + e when [Izl^^ll^ + g} (*' = 1' 2' ' " ' ^)' 

where wi^ and M^ stand respectively for the lower and upper limits of inde- 
termination at <f>i. 

On the other hand the reasoning by which we established theorem V shows 
that for any range of values of (f> which does not include or reach up to a point 
of discontinuity of/(^) the function F(r, <f>) approaches /(^) uniformly as r 
approaches 1 . Combining these facts we get at once the following theorem : 

VIII. Iff{4>) has the period 2^ and in any finite interval has no discon- 
tinuities other than a finite number of finite discontinuities, and if e is an 
arbitrarily given positive constant, two positive constants i? < 1 and S (which 
last inay be taken as small as we please) can be found such that when M < r < 1 
then 

(a) when the distance from <f> to the nearest point of discontinuity is 

greater than or equal to B, 

\f{4>) - F(r, 4,) I < e; 



* Certainly for all functions /(<^) whose Fourier's development does not converge at all 
points, or does not converge uniformly, this will occur. 

t An interesting discussion of questions of this sort will be found in Klein's Anwendung 
d. Diff.- u. Jnt.-Bechnung auf Geometrie, Leipzig, Teubner, 1902, p. 139-171. We shall have oc- 
casion presently to consider other questions which are there treated. 

t See Picard's treatise, 2d ed., vol. 1, p. 277-279. 
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and (6) when the distance from <^ to the nearest point of discontinuity is 
less than or equal to 8, 

m - e < F(r, <f>) < M + e, 

where m and M denote respectively the lower and upper limits of indetermina- 
tion off{<f)) at this nearest point of discontinuity.* 

It will be seen from this that, as r approaches 1, F(r, ^) comes as near 
to approaching /(^) uniformly as it is possible for a continuous function to do 
which is approaching a discontinuous limit. 

An immediate application of VIII is the following : 

IX. Iff{<j)) has the period 2tt and in any finite interval has no discon- 
tinuities other than a finite number of finite discontinuities, then 






lim 

For denoting by ^ the number of discontinuities in the interval Cj ^ <^ ^ c^, 
we can cutout from this interval k subintervals consisting of all points whose 
distance from one of these points of discontinuity does not exceed b, to use the 
notation of VIU. In all the remaining intervals 

I f\4>) - F{r, «^) I < € when R <r <\, 

while in these k intervals each of which is of length not exceeding 25, 

\f{(^) - F{r,4>)\< 2K+ e when i2 < r < 1, 

where ^ is a positive constant such that for all values of <^ 



i: 



Accordingly we have 

!/(</>) - F{r, <f>)\d^ ^ (Ci - ci)e + 2kS{2K + e) when R < r < 1. 



* If we take0 as abscissa and y as ordinate, the curve y =/(<^) is discontinuous at all the 
points ^i where the function /(^) is discontinuous. Suppose now we confine our attention 
to the case in which all the discontinuities are finite jumps, and construct a continuous 
carve C by connecting by straight lines the two points whose abscissas are tf>i and whose or- 
dinates are/i^^j — 0) and /(i^i + 0) respectively. Then It is esisy to see, when we remember 
that by I, §2 the function F{r, ^) is continuous when r < 1, that VIII is equivalent to the state- 
ment that the continuous curve y = F(i; <t>) approaches the continuous curve O uniformly as r 
approaches 1. That is, no matter how small the positive constant e, a positive constant 
JJ < 1 can be found such that when B <r < 1, any point P being given on either one of these 
curves, a point Q can be found on the other such that the distance PQ is less than f . 
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Since the right hand side of this inequality can be made as small as we please 
by taking e and B sufficiently small, our theorem is proved. 

As an application of IX we will determine the value of the series 

1 
to which we were led in § 1 . We start from the formula 

jP(r, <^) — -^ + ^, r"(a„cosn<j> + 6„sinn(^). 

Since this is a uniformly convergent series when r is constant and less than 1 
(§2, I), it will remain uniformly convergent when multiplied by /(<(>) ■ Ac- 
cordingly we have : 

Jy(<}>)F(r,<l>)d<l> 

= "^ £/{<f>)<i<t> + 2 '■" {^n £A<l>)oos7i<t>d<f> +6„^/(,^)sinn«^#) 

On the right we have a power series in ?• which we proved in § 1 to be conver- 
gent when r= 1. Accordingly by the theorem of Abel concerning power 
series which we used near the beginning of this section, 

7+ ^{al + bl)=^^^]Jy(<t>)Fir,cl>)d<f> (r<l.) 

Now we have 

jj\4>)F{r, <f>)d<l> =J^^f(<f>) j # -//(</>) [fW - nr, </>)}#, 

and this last integral is easily seen to approach zero as r approaches 1. For if 
we denote by ^a positive constant such that \ /{<}>) \^J^, then 

\jy(<t>) [A4> )- nr, 4>)]d4> ^ KJ^ \f(<f>) - F(r, <f>)\d<f>. 
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Thus we have established the theorem* 

X. If a^ and 6„ are the Fourier's constants of a function fix) which has 
the period 2^ and in any finite interval has no other discontinuities than a 
finite number of finite discontinuities, then: 

m ^ / V(<^) i ^ '^•^ = f + 1; « + i^) . 

Finally by means of the same reasoning which led us from V to VI we 
deduce at once from VIII the theorem : 

-^I- ^ff(4>) has the period 27r and in any finite interval has no discon- 
timiities other than a finite number of finite discontinuities, and if e is an 
arbitrarily given positive constant, a positive constant S can be determined, 
which we are free to take as small as we please, and then we can find a positive 
constant p <1 and a positive integer k such that the finite trigonometric series 

k 

^k{4>) = -^+ 2 /o"(a„cosw^ + 6„sinn<^) 
1 

{where the a's and b's are the Fourier's constants off) has the following pro- 
perties : 

(a) when the distance from (f> to the nearest point of discontinuity is 
greater than or equal to B, 

\f(<f>)-S,(<f>)\<e; 

(b) when this distance is less than or equal to B, 

m — e < S^{(f)) < M+ €, 

where m and M denote respectively the lower and upper limits of indetermina- 
tion off(<f>) at the nearest point of discontinuity. 

* Due to de la Valine Ponssin, Annates de la Soc. scUntifique de Brvxelles, vol. 17 (1892-3), 
p. 18, who proves it by a method similar to that here used under the very broad restriction that 
\{fx)\^ is Integrable. It was rediscovered and proved by a different method by Hurwltz, 
Annales de Vecole normale superieure,\o\. 19 (1902), p. 357. Both authors give also the more 
general form 

CaS') i p fWFWd^ = ?^» + f (a„^„ + 6„B„), 

*/ — ff 1 

where J" is a second function satisfying the same conditions as/, and where An and S„ are the 
Fourier's constants of F. This formula may, as Hurwitz remarks, be deduced Immediately 
from (25) by applying that formula to the f unction /(i/.) + F(<t>) Instead of to/(0). 
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5. La Vallee Poussin's Proof of Convergence of Fourier's 
Development of Continuous Functions. We will begin by establish- 
ing the following simple lemma concerning series with positive constant terms : 

00 CO 1 I 

Lemma. If the series 2_\ ^» converges, the series N^ -L-Sl will converge. 

To prove this we start from the inequality 

l^^ 



from which we infer that 



(l««|--)^o 



««+r^S 



1 . 2Im„ 



n' ?i 



Now since the series whose general term is 1/n* converges, and by hypo- 
thesis the same is true of the series whose general term is m*, it follows that 
the series whose general term is | w„ | /n will also converge. 

Let us now consider a continuous function f(x) with period 29r. We 
will assume that this function has aderivative/'(x)whichis continuous through- 
out any finite interval except for a finite number of finite discontinuities. Let 
us denote by a„, b„ the Fourier's constants of f(x), by aj,, b'„ those of f(x). 
We have, on integrating by parts : 

{1 /■" — 1 /■" — 6' 
a„ = - / f(x)co8nxdx = / f (x) sin nxdx = -, 
1 /■" 1 /■" a' 
6„ = — / f(x)sinnxdx = — / f (x)coa nxdx = — • 
•^J-n '^nj_/ n 

Now we know by theorems HI and IV of § 1 that the series 

00 00 

1 1 

converge, and from this it follows by the lemma just proved that the series 

^^ n ' ^^ n 
1 1 

converge, but these are by (26) simply the series whose general terms are 
1 6„ I and ! o„ I , and we have the result : 
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I. If fix) is continuous for all real values of x and has the period 2-n; 
and if it has a derivative f (x) which is continuous throughout any finite inter- 
val except for a finite number of finite discontinuities, then the two series 

00 CO 

1 1 

whose terms are the Fourier's constants of f(x), are absolutely convergent.* 

If now we notice that the general term in the Fourier's expansion oi f{x) 
is numerically less than |a„| + |6„|, we see at once on reference to §4, theo- 
rem I, the truth of the following theorem : 

II. If f{x) and f'(x) satisfy the conditions imposed in I, then the 
Fourier's development off(x) converges absolutely and uniformly for all values 
of X to the value f{x) .\ 

It will be seen that the only cases of continuous functions which are not 
covered by this theorem and which are at all likely to occur in practise are 
those in which /(as) has an infinite derivative at some points, or at least an 
infinite forward or backward derivative. Such cases do occasionally occur % 
and will be covered by a method we shall give later (§§11-13). 

6. Convergence of a Special Type of Trigonometric Series. 

We begin by establishing the following theorem due to Schlomilch : § 

• The proof we have just given shows that in the case we are considering, 

where C is a positive constant. These inequalities aie established by Plcard C Traitk d^analyse, 
2d ed., vol. 1, p. 253) by an application of the second law of the mean without the assumption 
of the existence of a derivative /'(x), but toith the additional assumption (which we do not 
need) that/(a;) has not an infinite number of maxima and minima in any finite interval. Other 
interesting inequalities will also be found there; for instance, assuming /(x) to be continuous, 
and/'(a;) to be continuous in any finite interval except for a finite number of finite jumps and 
to have at most a finite number of maxima and minima there, Plcard shows that 

Un|<J. |6»I<J. 

Cf. on this subject also Whittaker's Modern Analysis, p. 149-151. 

tThe method of proof of this theorem applies without change if the derivative f'(x) is 
restricted merely by the requirement that [/(x)]' be integrable. The points of discontinuity 
of /(z) may be everywhere dense, and f(x) need not remain finite; cf. la Vallfie Poussin, 
Annales de la Societi scientijique de Bruxelles, vol. 17 (1892-3), second part, p. 32. 

X Cf. a paper by Kennelly on page 49 of the current volume of the Annals. 

§ Algebraische Analysis, 3d ed., 1862, §31. See also Compendium d. hoheren Analysis, vol . 
1, §40, and Kcard's Traite d' analyse, 2d ed., vol. 1, p. 251. 
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I. The series 

(27) ftj sin X + 62 sin 2x + 63 sin 3x + • • • 
converges for all values of x provided that 

1) lim 6„ = 0, anrf 

2) a positive integer N exists such that 

b„ S b„^i when n S HT. 

It will be noticed that according to conditions 1) and 2) the coefficients 
in the series beginning with 6^ will be all positive, unless indeed they all 
vanish after a certain point. 

To prove this theorem we will denote the sum of the first n terms of the 
series by Sn{x), and write : 

2sin - . 8n{x) = > 26^ sm ^ sm vx =N JJ cos — - — x — cos — ^ x \ 

X 3x 53! 

= b[cos- -(61 - b\)cos~-{b^ -bs)cos'— - • • • 

- (6„_i - 6„)cos "'~ - b„ cos i-^?-^ — ^. 
If X has a value for which sin(x/2)7!: 0, we may write : 

^^^(2n+2)x 6, cos l-^ih _,_6.)cosl!!:zJ> 

(28) ^„(x)=-6„ ^ + ? 

sin - 2 sin - 

The first fraction which stands here approaches zero as n becomes infinite, 
since, by 1 ) , 6„ approaches zero. It is therefore merely necessary, in order 
to prove (27) convergent, to show that the second fraction approaches a finite 
limit, i. e. that the series 

(29) ^(^b..,-K)oos<2^ 
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converges. The absolute values of the terms of this series are respectively 
less than the absolute values of the corresponding terms of the aeries 

■i 

and since, by 1), this series is convergent, and, by 2), contains after a 
certain point no negative terms, it follows that (29) is absolutely convergent. 

Thus the convergence of (27) is established except when sin(x/2)= 0, i. e. 
except at the points a; = ± 'ikir, but at these points the series obviously con- 
verges since all its terms vanish.* 

This theorem of Schlomilch may be extended as follows :t 

II. The serieif (27) whose coefficients satisfy conditions 1) and 2) con- 
verges uniformly in any interval which does not include or reach up to any of 
the points x =■ ± ^kir. 

In order to prove this let us denote by -R„(x) the remainder of the series 
(27) after the first n terms, so that we have by (28) : 

, (2n+ l)a; ^ ,-, , , I2v - \)x 
6»cos ^ ^—L- - 2^ (6,_i -6,)cos 5^ ^—l- 

(30) R^{x)= ^±:L— 

2 sin- 



• By replacing x by x + tt in (27), we see that if conditions 1) and 2) of I are ful- 
filled, the series 

6i slu X — hi sin 2« + 63 sin 3a; — ■ • • 

converges for all values of x. Besides these two theorems Schlomilch establishes by entirely 
analogous reasoning the following two: 

If „ = 00 "■n = 0. «»<' a positive integer N exists such that 

a„ = o«+i when n = if 

then the series: 

4 oo 4- fli cos a; 4- oj cos 2a; 4-"" ' 

converges except when x = ± 2A;ir, and the series 

4 a« — ai cos X + ai cos 2x — • • • 

converges except when x = ± {2k — 1) ir. 

t The other theorems of Schlomilch, referred to in the preceding foot-note, admit of 
similar extension. 
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Let us here take n S iV so that 6„ and all the differences b^_i — b^ which occur 
here are positive or zero, and let us denote by c a constant such that through- 
out the interval we are considering 



. 'X 

sin- 



S c> 0. 



Then we have throughout our interval 

00 



\^n{X)\ 



n + l 



2c 



from which inequality, together with condition 1), the uniform convergence of 
(27) follows at once. 

Let us now consider a special function '^(x) defined as follows : 



(31) 



TT — JC 



'¥(x + iir) = '^'(x) 



< X < 27r, 

X ^ 0, ± 27r, ± iv, • • ■ 



This function is not defined at all at the points ± 2A;7r, and obviously has 

finite jumps of amounts tt at each of 
these points. The curve y = N?(x) 
consists of an infinite number of 
^^'^ pieces of parallel straight lines as is 
indicated in the diagram. The func- 
tion ■^(x) being an odd function, 
the same will be true of the func- 
tion ■^(x)cosnx, so that all the Fourier's constants a„ are zero. On the 
other hand ■^(a;)sin nx being even, we have : 




"-U 



TT — X . ^ 1 

— jr — Sin nxax = - , 

2 n 



and the Fourier's development for "^(x) is 

,-„. . sin 2a; sin 3a; 

(32) sma; + — ^— + -— — + 
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This series is of the type considered in theorems I and II.* It must therefore, 
by theorem I of §4, converge to the value ^(^) at all points where this func- 
tion is continuous, while at the points x = ± 2k-jr it converges (by II §4) to 
the value 

i (^(x + 0) + ^(a: - 0)) = jg - I)- 0, 

as is also seen directly from the form of the series (32). Thus we have es- 
tablished the theorem : 

III. The Fourier's development of the function ^(x) converges to the 
value 'V(x) at all points where this function is continuous, and to the value 
J[^(x + 0) + ■^(x — 0)] at all points where it is discontinuous. It con- 
verges uniformly throughout any interval which does not include or reach up to 
a point of discontinuity.^ 

7. Convergence of the Fourier's Expansion of Functions with 
Finite Jumps. We can generalize from the special function of the last 
section by successive steps.! 

1) We consider the function 

■^^(x) = ->P(a; - a) (- -tt < a ^ tt), 

which is continuous except at the points x = a, a ± 2ir, a ± 47r, • • • at each 
of which it has a jump of amount ir. Replacing x by x — o in (32) we find : 



cos na . •\ 
sin nx 



.»„. ■, , s •^-^ /" sin wo COS! 

(33) ^.(x) = 2 ( - —r «o« "«= + -i: 

1 

except at the points of discontinuity where the series has the value 
^[■^.(x + 0) + ■^.(x — 0)]. Moreover, as we see by theorem VII of §1, 

* We note in passing that such a series as 

, sin 3x , sin 5x , 

would not be of this type. 

tThls fact may easily be proved, without making use of theorems I and II, by using a 
formula for the sum of the first n terms of (32) which will be found below In formula (47) . 
Cf. Kneser: SUzungsberichte d. Berl. math. Ges., Feb. 1904, p. 33. This is an Appendix to 
Archiv d. Math. u. Phys., ser. 3, vol. 7. 

X The fundamental idea is here analogous to that used by Kneser in the paper referred to 
in the last foot-note. The details, however, are wholly different and decidedly simpler. 
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formula (33) gives the Fourier's development of ^„(x). Thus we see that 
theorem III of §6 holds without change if '*■(«) is replaced by '^.(a;^. 

2) The function 

diflFers from Nf^(a;) only in having finite jumps of magnitude X instead of jumps 
of magnitude tt. Its Fourier's development will (by VI, §1) be obtained by 
multiplying (33) by the constant X/tt. Thus if this function be put in place 
of ^, theorem III of §6 will still hold. 

3) Let aj, • • • ak be arbitrarily chosen points in the interval — ir <x ^v, 
and Xi, • • • Xj arbitrarily chosen constants, and consider the function 

(34) F(x)= ^ ^^(x) + ...+ ^>a,(x). 

This function is continuous everywhere except at the points a,, • ■ ■ a^ and 
points differing from them by multiples of iw, at which points it has finite 
jumps of magnitudes X^, • • • Xj respectivel}'. The Fourier's development of 
F(x) will, by theorem V, §1, be obtained by adding together the Fourier's 

developments of the functions — '^„ (x). These being of the form consid- 
ered under 2), we see that theorem III of §6 holds if for ^(a:) is substituted 
F(x) . Moreover we note that F(x) has a derivative at every point where it 
is cotitinuous, and that this derivative has the value zero,* since this is true of 
the functions ^a(^) • 

4) Finall}' let us consider any function /(a;) of period iir which in any 
finite interval has no other discontinuities than a finite number of finite jumps, 
and which has a first derivative which has in any finite interval only a finite 
number of finite discontinuities. Denote by o,, • • . aj the points of discon- 
tinuity of/(x) which lie in the interval — tt < aj ^ tt, and by X,, • • • Xj. the 
amounts of the jumps at these points. The function F{x) having the same 
meaning as in 3), let us consider the function 

(35) ^{x)=f{x)-F(x). 

This function has the period 27r and is continuous except at the points where 
fund F are discontinuous. Moreover, since at each of these points f and F 

* Graphically this means that the curve y = F{x) consists of pieces of straight lines. 
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have finite jumps of the same magnitude, <I> has a finite jump there of magni- 
tude zero, i. e. the discontinuity of <I> is due merely to the fact that it is not 
defined at this point. Let us then add to the definition of <J> by defining it at 
each point where /"is discontinuous to have the value 4>(a; + 0)= 4>(a; — 0). 
The function <I> will then be everywhere continuous, and its derivative will 
have in any finite interval at most a finite number of finite discontinuities. 
It follows from theorem 11 of §5 that the Fourier's development of <^{x) 
converges uniformly to the value <I>(a;) for all values of x. Since the 
Fourier's development oi F{x) convei'ges by '6) to the value F{x) uniformly 
throughout any interval not including or reaching up to any of its points of 
discontinuity, and since we have for all points where /"(x) is continuous : 

/(x) = ^{x) + F{x), 

it follows from theorem V of §1 that the Fourier's development of f{x) con- 
verges uniformly to the value y*(x) throughout any interval which does not in- 
clude or reach up to any discontinuity ot'f(^x). Finally at a point of discon- 
tinuity of/' the function i^is also discontinuous, but its Fourier's development 
converges, as we saw in 3), to the value ^ i-l'\x + 0) + F(x — 0)]. At 
such a point the Fourier's development of <i>(a;) converges to the value "^(x), 
or, as we may write it if we choose, | [<I>(a; + U) + <I>(x— 0)]. Accord- 
ingly, using theorem V of §1 again, the Fourier's development oif{x) con- 
verges here to the value ^[/(x + 0) +f{x — 0)] .* We have thus established 
the theorem : 

I. If f{x) has the period 27r and in any finite interval has no other 
discontinuities than a finite number of finite jumps, and if f{x) has a 
derivative which in any finite interval has no other discontinuities than 
a finite number of finite discontimiities,'\ then the Fourier's development of f{x) 
converges to the value f{x) at all points where f is continuous, and to the value 
J \_f(x + 0) -\-f{x — 0)] when fis discontinuous. Moreover the convergence 
is uniform throughout any interval which does not include or reach up to a point 
of discontinuity of f. 

• It should be noted that we have avoided making use of theorem II of §4 since the sim- 
pliflcatioa to be gained by such use would be insignificant. 

t The proof applies without change to the more general case in which we merely re- 
quire that [,f{x)Y be integrable throughout any finite interval. Cf. the foot-note to theorem 
II of §6. 
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8. The Differentiation and Integration of Fourier's Series. 

We will take as our starting point tlie following purely formal theorem which 
makes no reference to the convergence of the series. 

I. If f{x) is a continuouis Junction with period tir and has a derivative 
f(x) which in any finite interval is continuous except for a finite number of 
finite discontinuities,* then the J'ouriei's development off{x) may be obtained 
by differentiating term by term the Fourier's development off(x) . 

This theorem has practically been already proved in §5 (see formula 
(26) ), for we saw there that if a„, 6„ are the Fourier's constants of f{x) and 
a'„, b'n those of f{x) then : 

a'n = n 6„, b'„ = — n a„, 

and these are precisely the coefficients in the series we obtain by differentia- 
ting term by term the Fourier's development of f(x). 

This theorem may be made more than merely a formal one by imposing 
on the function y(x) further conditions which will secure the convergence of 
the Fourier's development of /'(x).f We thus obtain, by applying the theo- 
rem a number of times, the following result : 

II. i/" the continuous function f\x) with period 2'jr has continuous deriv- 
atives of the first n— 1 orders fix), ■ ■ -/"'""''(x), and a derivative of the 
n"" order/'t" J (ac) which is continuous throughouC any finite interval except for 
a finite number of finite discontinuities, then the Fourier's develoj)ment off{x) 
may be differentiated term by term n — \ times, and, provided f^"^{x) admits 
a convergent Fourier's development, it may be differentiated term by term n 
times. 

Before going further with the subject of differentiation let us turn to the 
subject of the integration. The simplest case would be that in which f{x) is 
continuous and has a derivative which in any finite interval has only a finite 
number of finite discontinuities. The Fourier's development of such a func- 
tion (being uniformly convergent by theorem II §5) may be integrated term 
by term between any two finite limits. When we have to deal with the more 
general case referred to in theorem I of §7 this is no longer so obvious if we 

* This theorem remains true If/' Is finite and integrabfe in Kiemaun's sense, or even If f 
is not finite, but \f{%) | is integrable. A corresponding generalization may be made in the 
subsequent theorems. 

t The conditions already Imposed are, by §5 theorem II, enough to secure the convergence 
of the Courier's development foT f(x). 
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wish to integrate up to or over a point of discontinuity ot'f(x) . A closer ex- 
amination, which we shall make in the next section, of the nature of the con- 
vergence near such a point of discontinuity would enable us to infer here also 
that we have a right to integrate term by term. These are, however, merely 
special cases of the following far more general theorem due to la Valine 
Poussin (1. c, p. 32) ; 

III. Iff{x) has the period 2ir, and in any finite interval is continuous 
except for a finite number of finite discontinuities, then, although the Fourier's 
development of f{x) 

i ao + 2_. ( *n cos nx + 6„ sin nx) 
1 

need not converge, the integral of f(x) between any two finite limits may be 
obtained by integrating this series term by term between these limits, and, if 
F{x) denotes the general continuous indefinite integral of f{x), it will be given 
by the convergent series 

(36) -^(*) = C + ia^x + ^y\(—siiinx cos nx\ ■ 

For we may write F{x) = /f»/(x) dx + c, and therefore we have 

F(x + iir) = F{x) + / f{:x)dx = F(x) + irao. 

Accordingly F{x) — ^a^x has the period 'iir, and since it is continuous 
and has as its derivative /'(x) — Jao, it can be developed in a convergent 
Fourier's series : 

X 

(37) -^i^) — i aoX = 6' + ^S\ (A„ cos na; + B„ sin nx) ■ 

1 

By theorem I, the x'esult of differentiating this series term by term is to give 
the Fourier's development oif(x) — Joo, that is the series 



Accordingly 



2^ («n COS nx + 6„ sin nx) . 
1 
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Substituting these values, formula (37) reduces to (36), which is thus estab- 
lished. 

The remaining part of our theorem, concerning the definite integral of 
f{x), now follows at once. For the terms of (36) are indefinite integrals of 
the corresponding terms of the Fourier's development of /"(a;), so that if in 
the equation 



J. 



'f{x)dx = F{fi) - F(a) 



we replace F{0) and F{a) by their values from (36), the second member 
reduces to the series formed by integrating term by term from o to /8 the 
Fourier's development of /(x). Thus our theorem is proved.* 

* A generalization of this theorem which is often useful is tlie foUowiug : 
IW If f{x) and <t>(^x) are finite and integrable functions, and f has the period 2v, the integral 
oetween any two finite limits of the product off<t> may be obtained by multiplying the Fourier's de- 
velopiuent off by <p, and then integrating term by term. 

In proving this theorem it will be sufficient to consider the case in which the distance 
between the limits of integration does not exceed 2ir, since a longer interval could be cut 
up into pieces each of which is of a length not greater than 2ir. We may even suppose 
the distance between the limits of integration exactly equal to iir, for if this length were 
less than 2>r we could regard ^(x) as having the value zero everywhere outside of the in- 
terval of integration; and we could then, without affecting the result, extend our interval 
of integration until it is of length 2t. Finally we may obviously suppose the integration to 
take place in the positive direction, the opposite case being at once reducible to this. Thus 
we have finally to establish the formula 

f' + ^''f(.x)4>(.x)dx = 4 a„f^ + ^''<p{x)dx + f f^+^' (a«cosna:-|- 6,.sinna;)0(a!)dx, 

1 
where the a's and fc's are the Fourier's constants ot f(x). If now we regard </> as defined 
outside of the interval c g a; < e -f 2ir so that it has the period 2t, and denote its 
Fourier's constants by o„ and ft,, then, remembering that / and <p both have the period 2ir, 
the formula we wish to establish reduces to 

f^_^f{x)<t>{x)dx = 7r[4 o„s + %{ana„ + M,.)]. 

1 

and this is precisely the generalization of formula (25) §4 which was established in the foot 
note on p. 107. 

This proof shows at once that the restriction that / and <t> be finite was not necessary. 
It is sufficient to require that \f{x) (^ and | <p{x) j'-be integrable. There are, however, other 
cases of some importance to which the proof here given does not apply, but in which the 
theorem remains true. An application of the results of §9 shows that this will be the case 
if I <t>(x) I is integrable and /(x) satisfies the conditions of theorem I §7. 
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We are now in a position to see clearly the necessity in theorem I for 
the requirement that f{x) be continuous. If in that theorem f{x) had finite 
discontinuities, we could reason as follows. If by differentiating the Fourier's 
development of f{x) we did obtain the Fourier's development of /'(cc), then 
this development would contain no constant term, and therefore by theorem 
III the Fourier's development oi f{x) would represent a continuous indefinite 
integral of f(x) ; but this is possible only it' f(x} is either continuous or has 
no other discontinuities than finite jumps of magnitude zero (see the first foot- 
note on p- 89). We thus have the result: 

IV. If f{x)has the period 27r, and in any finite interval f(x) and its de- 
rivative /' (x) are continuous except for a finite number of finite discont'iuities, 
then the series obtained by differentiating the Fourier's development of f(x) 
will be the Fourier's development of f'{x) when and only when f{x\ has no 
discontinuities except removable discontinuities. 

Although this theorem shows us that by differentiating term by term the 
Fourier's development of a discontinuous function /(x) we shall not be led to 
the Fourier's development of f(x) it would still be conceivable that the »,rigo- 
nometric series to which we are led might converge to the value f'(x). It 
would be possible to prove that, at least in the simpler cases, this will not 
occur. The result being, however, of a merely negative character we will not 
stop to establish it here. 

A wholly different problem presents itself to us if we start from a trigo- 
nometric series without knowing anything about the function which it rep- 
resents, or even that the series is a Fourier's series, and wish first to ascertain 
whether the function represented by the series has a derivative ; and second, 
if such a derivative exists to find an expression for it in the form of a series. 
The most obvious answer to the question which here presents itself is given 
by the following theorem, which is merely an application to this case of one of 
the fundamental theorems in the theory of uniform convergence. 

V. If the trigonometric series 

(38) ^^ (a„ cos nx + b„ sin nx) * 

1 



* From here on we take the series witbont constant term since the presence of sach 
a term would obviously have no eflTect on our theoremn. 
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converges for a particular value cofx, and if the series 

OP 

(39) y^ (— n a„ sin nx + n h„ cos nx) , 

1 

obtained by differentiating it term by term, converges uniformly throughout an 
interval A S,x ^ B which includes the point c, then (38) will converge through- 
out this interval* and the function f(x) represented by it has throughout this 
interval a derivative represented by (39). 

In the case of many of the simplest and most important series, however, 
(cf. the series in (32) above) this theorem fails to give us any information, as 
the series (39) diverges except at isolated points. We proceed therefore to 
establish a further criterion due to Lerch.-f 

We again assume that (38) converges when aj = c, and we will suppose 
that c does not have any of the values, 0, ± tt, ± 27r, • • • ; and we consider 
an interval A ^ x ^ B which includes the point c but does not include any of 
the points ± nir. Let us denote by «S)t(a;) the sum of the first k terms of (38) , 
and by Sl{x) the derivative of ^^(a;), 1. e. the sum of the first k terms of 
(39). Consider now the function J 

(40) 2 sinx 8'je{x) = ^^ ] — 2na„ sin nx sin x + 2nb„ cos nx sin x I 

= ^^ j na„[cos(n + l)x — co8(n — l)x] 
1 

+ »i6„[sin(n + l)x — sin(n — l)x] I 
= 2^ j [(n-l)a»-i-(w+ l)cr„+,]co8nx 

+ [(n-l)6„_i- (n+ l)6„+i]sinnxl +i?t(x), 

where for convenience we write a_i = 6_i = a^ = bo = 0, and 

(41) -Ri(a;) ={k — l)ai;_i cos kx + (k — l)6j;_i sin kx 

+ kajc cos(/fc + l)x 4- kbjc am(Jc + l)x. 

* We may add, If we wish, that it will converge uniformly there. 
t Annales de I'Ecole Normale superieure, Ser. 3, vol. 12 (1895), p. .351. 
t The identity of the method here used with that employed by Schlomilch (cf . §6) will be 
at once obvious. 
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If the conditions of theorem V were fulfilled, Ii,i(x) would approach zero 
uniformly as k becomes infinite,* and Sk{x) would approach uniformly the de- 
rivative f(x) of the function represented by (38). Accordingly the series 

(42)^1 [(n-l)a„_i-(n + l)a„+i]cosnx + [(H-l)&„_i-(n+l)*„+i]sinnx| 

would converge uniformly to the value 2 sin a;/' (x). This will also be true 
in many cases in which the conditions of theorem V are not fulfilled, as we 
will now show. 

Let us assume that the series (42) converges uniformly throughout the 
interval A ^ x ^ B. The same will therefore be true of the series 

If we denote by g{x) the continuous function represented by this series we 
therefore have 



mx 



; sui x 



+ r^» - l)»n-l - (» + 1)».+,1¥^' W»- 

L J 2 sin a; J 

Let us now consider the integral 

['' Rk{x) -Nr^f/ ix Pcosnx , ^ ^^, psinnx, \ 

I 2^-^^ =2{('^ -!)''-] 2-^117^'^^ +(«- l>*-i Y^J-[ 

Integrating by parts we may write 

Jpcosna; , sin na; sin nc 1 /"^cosicsinna; 
I —. dx = — ; : h - / ^^ dx, 
c sm a; n sm x n sin c n Jc suraj 

f sin nx , cos nx cos nc 1 p 

/ -^^ dx = ; h ; / 

Jc sm X n sin x n sin c n Jc 



(44) 

* cos nx cos nc 1 pcosxcosnx 

-dx 



sin'x 



♦ For (39) being uniformly convergent, its coefficients ia* and kb^ would approach zero as 
k becomes infinite (cf. I§14, foot-note). 
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Now introduce a positive constant K such tliat throughout our interval 
sin^x > K, and remember that the length of our interval is < tt < 4. We then 
see that both integrals (44) are in absolute value less than 6/(n^). Accord- 
ingly we may write 

If, then, we add to our other assumptions the further one that a^ and 6j ap- 
proach zero as k becomes infinite, we get the result : 

(45) ,1™ r^li^dx = 0.* 

Let us now return to formula (40), and, after dividing both sides by 
2 sin X, integrate it from c to any point x in the interval A^ x ^ B. The 
expression which we thus get on the right is seen, by (43) and (45), to ap- 
proach f\ g{x)dx as its limit as k becomes infinite. The same must therefore 
be true of Sk{x) — >6\(c) which is what stands on the left. But, since we 
have assumed that (38) converges when x = c, or in other words that 6i(c) 
approaches a finite limit as k becomes infinite, it follows that 8]c{x) must also 
approach a finite limit when k becomes infinite. Denoting this value, that is 
the value of (38), by/(a;) we thus have 



f{x)-f{c)=j%{x)dx. 



From this equation we infer that/(x) has a derivative, and that this derivative 
is g{x). Thus we have established the following theorem : 

VI. If the trigonometric series (38) converges for a particular value cqfx 
which is not an integral multiple of tt, and ij 

1™ a„ = 0, li^n 6„ = 0, 



* The inequality last written shows that this limit is approached uniformly for all values 
of X in the interval A^x ^B. 
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then throughout an interval A ^ x ^ B which includes c but does not hiclude 
any integral multiple of tt, the series (38) will converge* and the function f{x) 
represented by it will have a derivative f (x) given by the equation 

2 sin a; f{x) = ^ \ [(?t — l)a„_i — (n + l)ffl„^i] cos na; 
'^ 

+ [(w - 1) b„_i -(n + l)6„+i] sinnxL 

(where a_i = b_i = a,, = b(, = 0), provided the series Just written converges 
uniformly throughout the interval A = x ^ £. 

That this theorem is really more general than V will be seen by applying 
it to the special series (32) and to many other similar ones. For further 
applications the article of Lerch above cited should be consulted . 

9. The Character of the Convergence near a Finite Jump. 
Qibbs'S Phenonaenon. In an interval which includes or reaches up to a 
point where /"(a;) is discontinuous the Fourier's development of/'(x) cannot 
converge uniformly, since a uniformly convergent series of continuous func- 
tions necessarily represents a continuous function. Confining our attention 
to a point where /(«) has a finite jump, we wish in this section to get as clear 
an idea as possible of the nature of the convergence in the neighborhood of 
this point. 

For this purpose we begin by considering the special function ^(a;) of 
§6.t We will denote by S„(x) the sum of the first n terms of the Fourier's 
expansion (32) of ^(a;) : 

^ , . . sin 2a; sin nx 

S„(x) = sm a; + —^r— + • • • + — — 



= / [cos a + cos 2a + • • • + cos na'jda. 
Jo 



* We may add, if we wish, that (38) converges uniformly throughout this interval. The 
proof just given may be readily seen to establish this fact also, since, as was remarked 
in the last foot-note, the limit in (45; is approached uniformly, and the same is true of the 
limit in (43), since tlie integral from c to a; of a uniformly convergent series is itself uniformly 
convergent. 

t For a similar treatment of another special function cf. Bunge's book Theorie und Prax- 
is der Beihen, Leipzig, 1904, pp. 170-180. 



124 BdCHEE [April 

If we let z = cos a + i sin a, the sum of cosines which stands here under 
the integral sign is the real part of the geometric progression 

Z — 2" + ! 

2 + ;2+ . . . + 2;«= . 

1 — Z 

By an eas}' trigonometric reduction we thus establish the formula 

/ i,.^ c> sinCn + i")a 
(4b) cos a + cos 2a + • • • + cos na — — ^ -\ ^^ ^^^— ■ 

2 sin I 
Substituting this above gives 

/i-\ a , \ ^ psin(w + *)a , 

(47) S„{x) = - 2 + / ^ y da. 

^ J' 2sinJ 

We will denote by B„(x) the remainder of the series (32) after the n*^ term. 
If we confine our attention to the interval < a; < 2-n-, in which ^(«) 
= i (tt — x) , we may write 

(48) li„(x) = H - / ^ ' da (0 <x < 27r). 

J' 2,i„| 

Let us now enquire at what points the approximation to the function ■*(«) 
given by Sn{x) is worst, i. e. for what points Bjx) has a positive maximum 
or a negative minimum, n being regarded as fixed. Differentiating (48) we 
find 

/JAN T>/ / V sin(w + ^)x 

(49) K(x)= ^ ^^ (0<x<27r). 

28m- 

This expression vanishes when and only when x has one of the following 
values : 

/rn\ ^'''' ^''^ Stt 4?J7r 



2?( + 1 - 2?) + r ^ 2?i + 1 ' ^ ~ 2n + 1 ■ 

By considering the sign of Ii'„ (x) for points on both sides of each of these 
points «; we see that JR„(x) has minima at the points Xi, Xg, x^, ■ • -, maxima 
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at the points x^, x^, Xg, • • •. In order to show that |i?„(a;) ( has maxima at 
all of these points it would be necessary to prove that -R„(a;) is negative at all 
the points x^, x^, Xj, • • •, positive at all the points a^, x^, x^ ■ ■ -. This is 
true,* but we will not stop to prove it, since we need to know it merely for 
large values of n, and that we shall learn in the course of our work. 

We will now throw R„{x) into a different form. For this purpose, 
modify the expression (48) for i?„(a5) by adding and subtracting the quantity 

f'' sin(n +i)g , _ /"C'+i'^sina; 
i) a "' ~ Jo X 

We thus get 

/>^i\ o / N "^ /■t"+4'^sinx , - ^ ^ 

(51) B„{x) = 2 ~ i ~ir + ^"^^^' 

where 

/Ko\ r/ \ P2sinia— a . ^ ^ , 

Jo 2 a sin fa ^ ''' 

An integration by parts gives 

I <x) = ^ ~ ^^^"i^ cos('ra + |)x 
"^ ■' 2a; sin ^33 ' n + i 



1 /■'^a^cosAa — 4sin*ia 

+ -— — r / A 1 ■ ii cos(n + i)ada. 

n + ijo 4a2sip2ia \ t 2/ 



The two functions 



X — 2 sin ^ X x^ cos ^ X — 4 sin'^ ^ x 

2xsinjx ' 4x^^in^"jx ' 



which occur in this expression, both become infinite when x = 27r. If we con- 
fine our attention to an inteiTal ^ x S 6 where b < 27r, we see that both these 
functions are continuous throughout this inter\^al except at the point x = 

•Tlie proof follows at once from tlieorem IX of §10 according to which J?..(a;) changes 
sign at least 2n + 2 times in the interval g a; 2ir. Since i?„(+ 0) = iw, Itn{— 0) = — 4ir, 
i?„(x) must change sign at least 2n. + 1 times in the interval < a; < 2t. It cannot change sign 
more than once in any of the intervals Oxi, Xj Xo., . . . xo,,, 2ir, for otherwise Il'„{x) would vanish in 
this interval. Accordingly B„{x) changes sign just once between and x,, once between xi and 
x<i, etc. Since ii„(.+ 0) is positive it follows that B„(x') is alternately negative and positive at 
the points xi, Xi, . . . X2„. 
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where they are not defined, and that they both approach finite limits as x ap- 
proaches zero. It is therefore possible to find a positive constant M such 
that 



X — 2 sin I X 
2 X sin I X 

We thus obtain the inequality 



Jo 



I a* cos ^ a — 4 sin* ^ a 



4 a* sin* Jo 



da < M, (0 < X < 6, 6 < 27r) . 



In(x) 



2M 

n + l 



(0 <x<6, b < 27r). 



This inequality shows that iii(x) approaches zero as n becomes infinite not 
merely if x remains fixed but also if x is allowed to vary in any manner what- 
ever with n, subject merely to the inequality < x < 6. 

Let us now go back to formula (51) and use it to express the value of i?„ 
at the points (50) : 



(53) 



X. / X "^ P"^ sinx , y / 2kir \ 

Bjx,) = --J^ -^dx+J^i^^^-^^^ 



Here we regard A as a given positive integer. If now we allow n to be- 
come infinite, the first two terms remain constant while the last term, as we 
have just seen, approaches zero. Accordingly we may write 

f'"' sinx 



(54) 



^^ = iL™^»(-^) =i-f 



dx. 



We now recall the well known formula * 

r+°° sin X 



(55) 

where 

(56) 






dx = Uf, -\- Ui -\- u^ + 



M,= / 
Jii 



■(»+i)t sin ju 



dx 



a = 0, 1, 2, 



•); 



and we notice that the quantity I*,, defined in (54) is merely the remainder of 
the series (55) after the first k terms : 

(57) i^*= W* + Mjfe + l + w* + 2+ • • •• 



* See for instance Jordan, Covrs d'analyse, vol. 2, p. 104. or I'icard, Traite d'analpse, 
vol. 2, p. 168 (1st edition, p. 156). 



1906] THEORY OF FOURIEr's SERIES 127 

From their definition (56), we see that the constants u^ are positive when i is 
even, negative when i is odd and that they satisty the inequality 



■(i+i)" sin X ^ \ . . I r(» + ^'''sin x , 

—. — ax 



2 '< /•(i+i)" sin a: , I , , i /"(■ 
(58) ■-. TT- = ^ / r- TV" dx' < \ Ui\ <\ 



ITT 



2 

^7r 



so that IwJ < I Mi_i I and ^^"^ u, = 0. 

The series (55) therefore belongs to the simple class of series whose terms 

1) are alternately positive and negative, 

2) continually decrease in numerical value, 

3) approach the limit zero. 

In such a series it is well known, and at once evident, that the remainder 
P^ has the same sign as u^, so that P^ is positive when k is even, negative 
when k is odd. The same will therefore be true of R,i{Xj^), at least for large 
values of w, as was stated above. 

Moreover since 

and since Wt + Mt-f-i has the same sign as Pj + z, we have 

\Pk\ = I %- + %.-).i! + |Pi- + 2|> 

and accordingly 

(59) \P,\ > \Pu + -i\* (A;=l,2, ...). 

* It is in fact true that 

\Pk\>\ Pk + i I , 

as is fairly obvious from the numerical values given below. To prove this, however, it is ne- 
cessary to get for the m's somewhat closer Inequalities than those contained in formula (58). 
Such inequalities, which, as we shall see in a moment, are also useful for purposes of numer- 
ical computation, may be obtained as follows. 

Throughout the interval A;ir<a;<(A;+l)ir the ordinates of the equilateral hyperbola 
y = 1/x are smaller than the corresponding ordinates of the chord which joins the two ends of 
this arc, and greater, except at the point of contact, than the ordinates of the tangent drawn 
at the point of the curve whose abscissa is {k +4 ) t- Hence : 



kir <x < (Jc -{- l)w. 



1 
- < 

X 


— X 


+ 


2/fc-t- 1 
k{k + 1)t 


1^ 

X 


— •la; 
{2k + 1) %« 


+ 


4 

C2k + \)T 
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The numerical values of the constants Uq, «, , • • • may be computed to 
any desired degree of accuracy by methods of mechanical quadrature or other 
methods of approximation.* We thus find : 

Wo= 1.8519, Ui= 0.142, 

Ml = -0.434, W8 = - 0.116, 

M2= 0.257, Ue= 0.098, 
wg = - 0.183, 

while from here on the values are given to four places of decimals by the 
following formula (cf. the two proceeding foot-notes) : 

«t = .^, ^,. + Ci- (0 < e^. < 0.0001 when kS.1). 



Accoidiugly : 

«A-1 < 
(A) 



IX (, (2* + 1) V + (ii+T);;; «'" * '^H = (2F+T]^ CA. =0,1.2,...). 

From these Inequalities we readily deduce the following ones (i = 0, 1, 2, . . .) : 

Now: 

l-P^I = 2 ( |«i. + 2,|-|\.+ .i, + i|), m-+l|= 2(|«i- + 2. + l| - rfc + 2v+2|), 

and, since by the last written inequality every term in the first series is greater than the corre- 
sponding term In the second, it follows that \Pk\>\Pk + i\. 

* The computation of uo may be readily effected by using the Maclaurin's development of 
sin X. A fair approximation for the subsequent u's is given by the inequalities {A) ot the pre- 
ceeding foot-note. A decidedly better result Is obtained by replacing the ^^at of these inequal- 
ities by : 

' "l ' < W+l)^ ~ k(,k + l)i2k + I)T« (A,_l,A ), 

a formula obtained by replacing, in the interval k t < x < {k + l)Tr, the arc of the equilateral 
hyperbola by the brolten line formed by joining the extremities of this arc with the point on 
it whose abscissa is (* +i) t. [Note added Feb. 3, 1906 : In the January number of the Amer- 
ican Mathematical Monthly (p. 12), which has just been issued, I find all but the last of the nu- 
merical values which I have here given worlced out by a wholly different metliod by S. A. Corev. 
The values are there given to six decimal places.] 
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Starting from the value Po = i'"'. and using the relation P^. = u,, -f- P^ + i, 
we readily get the values : 



Po= 1.5708, 


P4 = 0.079, 


Pi = -0.2811, 


P5 = _ 0.063, 


P2 = 0.153, 


Pg = 0.053, 


P3 = - 0.104, 


P: = - 0.045. 



A little reflection will show the bearing of these figures on the question 
as to how the function "^(x) is approximated to near the origin by the first n 
terms of its Fourier's expansion. For this purpose consider the two curves 

y = ^(x), y=S^{x), 

the second of which we will call the n^*" approximation curve. It follows at 
once from the results just obtained that the ordinates of this approximation curve 
are too large at the points Xj, Xg, • • •, too small at the points Xo, X4, • • •. The 
approximation curve therefore has the form of a wavy line which keeps cross- 
ing the line '^ and which reaches its greatest distances from this line (these 
distances being measured parallel to the axis of y) at the points Xj, x^, X3, • • •. 
Moreover these greatest distances are, for large values of n, approximately 
equal to their limiting values, P,, Pj, P3, • • •. Accordingly, and this is the 
remarkable phenomenon first noticed by Gibbs,* the height of these waves does 
not approach zero as k becomes infinite. It is true that if we fix our attention 
on any interval which does not include or reach up to a point of discontinuity 
of ^, the heights of all the waves in this interval approach zero as their limit, 
since by theorem III of §6 the series converges uniformly in this interval. If, 
however, we fix on a particular wave determined as the first, second, or in 
general the A;"* to the right of the origin, the height of that particular wave 
as n becomes infinite approaches a finite limit Pj. diiferent from zero. At 
the same time this wave is moving up nearer and nearer to the origin . 

Since both '^(x) and Sn(x) are odd functions of x, it is clear that the 
method of approximation to the left of the origin will be essentially the same 
as to the right. This method of approximation is of course repeated at all the 
points of discontinuity of ^. 

* Nature, vol. 59, 1899, p. 606. The same thing was subsequently noticed by Poincarfe, 
tb., vol. 60, p. 52. 
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This is brought out very clearly, both for the function '^ and for special 
cases of other functions which we shall consider presently, in the diagrams 
constructed by Michelson and Stratton by means of their Harmonic Analyser 
with which the approximation curves (n S 80) for any function which can be 
represented by a pure sine or a pure cosine series may be constructed me- 
chanically.* 

We can now easily generalize from the function ^ to more general func- 
tions along the lines of §7. 

In the first place, all we have said concerning ^ will obviously hold for 
the function ^„(a;) if we remember that the discontinuity of this function, and 
therefore also the non-vanishing waves of the approximation curves, will be at 
the point x = a instead of the point a; = 0. 

Considering next the function 

TT 

we see that the ordinates of all curves have been changed in a constant ratio. 
The heights of the waves will therefore also be changed in this ratio, but since 
the same is true of the magnitude of the finite jump at a, the ratio of the 
heights of the waves to the magnitude of this jump will be unaltered. 

Finally we pass by steps 3) and 4) of §7 to the function f{x) by adding 
to the function last considered other functions which are continuous at o and 
whose Fourier's developments converge uniformly throughout the neighbor- 
hood of a. This has, on the one hand, no effect on the magnitude of the 
jump in our function, and, on the other hand, no essential effect when n is 
large on the heights of the non-vanishing waves of the approximation curve 
y = Snix), since the remainders of the Fourier's series which have been added 
are uniformly small. Thus we get the following general result: 

* For an account of the machine accompanied by extremely interesting plates the reader 
Is referred to the Philosophical Magazine, 5th series, vol. 46, 1898, p. 86. That it wonld not 
have been safe to Infer the mathematical fact from these diagrams is strikingly shown by a 
second inference which might have been drawn with about the same degree of certainty from 
them and which would have been erroneous, namely that at a point where the function developed 
is continuous and even analytic a wave whose height does not approach zero as its limit may 
be found ; cf . figures 1 and 3 in Plate XII of the article cited. That this appearance Is due to 
some Imperfection in the machine becomes evident from Plate XVII where this small wave 
win be found in the first approximation curve y = cos x. 
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I, Jff(x) has the period iir and in any finite interval has no discontinui- 
ties other than a finite number of finite jumps, and if it has a derivative which 
in any finite interval has no discontinuities other than a finite number of finite 
discontinuities, then if a is any point where f{x) has a finite jump of magnitude 
D, and if S^ix) denotes the sum of the first n + 1 terms in the Fourier's expan- 
sion off{x), the curve y — Sn(x) will for large values of n pass in almost a 
vertical direction through a point whose abscissa is a and whose ordinate is 
almost equal to J {_f{a + 0) +y(a — 0)]. The curve then rises and falls abruptly 
on the two sides of this point to the neighborhood of the curve y =f[x), and 
oscillates about this curve lying alternately above and below it. The highest {or 
lowest)* point of the A"* waves to the right and lejlof a will, for large values of 

n, lie approximately at the points a ± , and the height of these waves will 



be approximately 



DP, 



Thus, referring to the numerical values given above, we see that the height 
of the first wave on each side will be about 9% of the magnitude of the dis- 
continuity t while for the subsequent waves the corresponding percentage is 
about 5%, 3i%, 2J.%, 2%, 1|%, lf% etc. 

Gibbs himself did not enunciate his result in such detail as we have done 
here, nor did he consider any function except the special function ^. For 
this function he made a statement which we generalize as follows : 

II. Iff{x) satisfies the conditions of theorem I, then as n becomes infinite 
the approximation curve y = S„{x) approaches uniformly the continuous curve X 
made up of 

(a) the discontinuous curve y =f(x), 

(b) an infinite number of straight lines of finite lengths parallel to the 

* It must be borne in mind that we measure the height of a wave from the curve y = f(x) 
in a direction parallel to the axis of y. 

t More exactly 8.95 %. 

I That the continuous curve y = Sn{x,) approaches a continuous curve as Its limit, while 
the continuous /uncMon 8„,{x) approaches the discontinuous function f(x) as Its limit seems at 
first sight paradoxical, but the paradox disappears when we recall exactly what we mean by 
saying that one function approaches another. It was the failure to formulate this point clearly 
which led Michelson to maintain {Xature, vol. 58, 1898, p. 544) that Fourier's series of the sort 
we are here considering really represent continuous functions. The true state of affairs was 
clearly brought out in the subsequent discussion vols. 58-60, particularly by Love and GIbbs. 
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axis of y and passing through the points aj, a^, • • • on the axis of x where the 
discontinuities off{x) occur. If a is any one of these points, the line inquestion 

extends between the two points whose 

ordinates are 

/(a-0)+^,/(«+0)-^, 

where D is the magnitude of the jump 
inf(x) at a, and 



ir 



a, + 25r 



A 



-r 



sin X 



dx = - 0.2811, 



The truth of this theorem follows at once from theorem I. It is illus- 
trated by the accompanying figure where the amounts of the jumps at ai,a^ are 
respectively negative and positive. Until Gibbs made his remark it seems to 
have been supposed that the vertical lines extend merely between the points 
whose ordinates are /"(a — 0) and /"(a + 0). 

10. Finite Trigonometric Series.* This subject, which has al- 
ready been touched upon in §1, is of importance both for its own sake and for 
its relations to the theory of infinite trigonometric series. Both of these 
points of view will be kept in mind in the present section. 

I. TJie 2^+1 coefficients in the finite trigonometric series 



(60) 



8,.(x) = ^ rto + ^^ (a„ cos nx + ft,, sin nx) 



can be determined in such a way that 

(61) S^{x,)=y, 



{i= 1, 2, . • . 2A+ 1), 



where y^, • • • yu + i c-'''^ arbitrarily given constants and Xi, • • • Xa^.^! are 
arbitrarily given points in the interval — ir < x S, it no two of which are coin- 
cident. 



* In connection with this section the reader may consult; Klein, Axiwendung d. Diff.u. 
Int. Bechnung auf Geometrie, Leipzig, 1902, pages 139-171. 
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In order to prove this let us consider the function* 

, X ^~ X , X — OC.! 1 , X ""~ Xf j_ 1 , yj — *^'>Z* -I- 1 

i=2k+i Sin — — . • • sin sin ^-^^ • • - sin ^^ 

(62) V t/i . 

^^^ • Xj* — Xi , X.; — .ty 1 , X«* — Xj_Li , Xi — XoT. I t 

. = 1 sin-i-5 — i- • • sin -5 — -^-^ sin '+ • • • sin-^ — --?i±-' 

None of the quantities in the denominators are zero since x^ — x^ cannot be a 
multiple of 2'7r. If we can show that this function (62) can be thrown into 
the form (60) our theorem will be established, since (62) obviously satisfies 
conditions (61). We first prove the following 
Lemma :t A function of the form 

(ax 4- )8i cos X + 7i sin %) (a.^ + ySj cos x + y^ sin x) • • • (a^. + fi^. cos x + yf. sin x) 

can alioays be expressed in the form (60). 

Since this lemma is true when ^ = 1, it will be established by the prin- 
ciple of mathematical induction if we can show that any expression of the 
form (a + /S cos x + 7 sin x) Sjc^i (x) can be reduced to the form (60). 
Now we may write cos x S]c-\{x) in the form : 

a,cosx ^^ / cos(n + l)x + cos(w — l)x ^ sin(n + l)x+sin(n — l)x\ 

-^— +2 ("" — ^ 2 + *" ~¥-^ — -) 

1 

which is of the form (60). Similarly we see that sinx S^ — x (x) may be 
written in the form (60). Hence (o + )8 cos x + 7 sin x) 3jc_i (x) may be 
written in the form (60), and our lemma is established. 

Going back now to formula (62), we see that, since we may write 

sin — - — - sin — — -^ = a + ;S cos x + 7 sin x, 

and since the numerator of every fraction in (62) contains an even number 
of factors, every term of (62) can be written as a product of exactly the 

•Cf. Gauss, Werke, vol.3, p. 281. 

t From this lemma the flrst part of the following more general theorem follows at once , 
while the second part is a conseqaence of De Moivre's theorem : 

Any polynomial of the &*'' degree in (sinx, eosx) can be written in the form (60), and 
conversely, any function of the form (60) can be written as a polynomial in {sin x, cos x) of degree 
not higher t?ian k. 
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form considered in our lemma, and therefore (62) itself can be written in the 
form (60). Thus our theorem is proved. 

In the observational or experimental sciences, we frequently know that a 
certain function f{x) is periodic (we will say for simplicity that it has the 
period 2ir), but the values of this function are known, by observation or 
otherwise, only when x has the values x^, x^, • • • x„, all of which values we 
may suppose to lie in the interval — ir < x ^ -rr. It is, then, often desired to 
get an approximate expression for/(a;) in the form (60), our object being of 
course to make the function Si.(x) coincide as closely as possible with/(a;) at 
the points a;,, . • • x„. If «i ^ 2A; + 1 we have just seen that iSje{x) can be 
made to coincide absolutely with f(x) at these points ; otherwise we will 
adopt the principle of the method of least squares, and, writing y^ r=y(a;j), we 
will determine the coefficients in (60) so that 



I,= 



2 {^* ~ ^'^'"'^ }' 



is a minimum. This method will in fact apply to all cases, since, when the 
coefficients in (60) can be so determined that /^^(a;) coincides with f{x) at 
the points Xj, this determination is precisely the one which gives to /^ its 
minimum value, namely zero. 

We will carry through the method here outlined only in a special case 
which was first treated by Bessel,* namely that in which the points 
Xi, Xj, . • . x„, Xi + 2v are equally spaced, so that x,-+i — «< = 27r/jw. More- 
over we will consider merely the case m S 2k + 1, referring the reader for 
the treatment of the casef w- < 2A; + 1 to pages 337-338 of Bessel's paper. 

In order to make I,, a minimum, we follow a method which in all its 
details is closely parallel to that of pages 83-84 of the present paper. We 
have 

Otto da„ do„ 

* Astronomische Nachrichten, vol. 6 (1828), p. 333. 

t This is the problem of determining the most general expression Sk(x) which takes on 
arbitrarily given values at less than ik + I points. The solution of this problem must ob- 
viously contain undetermined parameters. 
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Accordingly 

— = — 2 ^ yjcos nxi + 2 ^ ^j.(Xi)cos nxj, 
"» 1 , 1 

^ IT TO TO 

" 1 1 

In order to reduce these expressions, we make use of the following for- 
mulae, where J9 is any one of the integers 0, 1, • • • m — 1 : 

/cox '^" (^ when j3 ^ 0, i^' . 

(63) 2 «°^^^^* = U when ^ = ; D ''^"^^^ = ^- 

The analytical proof of these formulae is not difficult, but their truth is at 
once evident when we regard them as expressing the fact that the centre of 
gravity of a number of equal particles equally spaced on the circumference of 
a circle is the centre of this circle.* 

From formulae (63) follow at once the following, in which j), q^, p + q 
are positive integers less than m : 

"V sin(^x,)cos(5'Xf) = i ^^ sin (j? + ?)a;i + sin {p - q)Xi\ = 0, 
1=1 1 



(64) 



{P^q), 



^cos(i)Xi)cos(yXf)= i^ I cos(_p - q)Xi + cos(iJ + 5')XiJ = | m . , 

1=1 I 2 

2 sin (J?x<)sin (yx,) = i V I cos(j? -q)Xi- coa{p + ?) xJ = | m (^ ^ ^n 

i = l 1 2 

• An exception occurs in the case of one particle. This accounts for the exception noted 
in the formula when p = 0. There would be further exceptions of the same sort whenever p Is 
a multiple of m. These cases we have excluded by assuming p <m. 
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Using these values (63) and (64), we find: 

g^' = - 2 "V ^f COS nXi + ma„, 

^ = - 2 > y sin nXi + mb„. 

Equating these partial derivatives to zero gives us equations which com- 
pletely determine the coeflScients of Sk{x), and that this determination really 
makes I^ a minimum is evident by a glance at the second derivatives of /j. 
The value of this minimum may also be readily computed as on page 85. 
Our final result may be stated as follows : 

II. If a function f(x) with period 27r takes on the values y^, y.^, ' • • y„ 
at the points Xi, x^, • • • x^, but is otherwise unknown; and if 

27r ,., ^ 

Xi.L.1 — Xi = — (?. = 1, 2, . • • m — 1 ) 

and k is a positive integer so small that m S 2A; + 1 ; then, from the point of 
view of the method of least squares, the best approximation of the form 

i- 
St{x) — -^ + ^^ (a« cos nx + b„ sinna;) 
I 
to J{x) is obtained by giving to the coefficients the values 

2 '" . 2 _*" . 

(65) a„ = — 'V yi cos nXi, 6„ = — "V y^ sin h.Tj. 

m ^^ m ^m^ 

1 1 

These remarkably elegant formulae are due to Bessel. In the special case 
m = 2A; + 1 , theorem I tells us that there exists a determination of the coeffi- 
cients of 8j;(x) which makes ij. = ; and, since /|. is never negative, this must 
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be precisely the determination (65) which, as we hav£ just seen, makes 7j a 
minimmn. Moreover the method we have just used shows that there is only 
one determination of the coeflScients of '^^(a;) which makes /j = 0, that is 
which makes Si:{x) take on the values y^ at the points x,-. Accordingly we 
get Lagrange's theorem : * 

III. If the points x^, x.^, ■ • • x.^fc^i are so situated that 



27r 
2FT1 



Ci+i - Xi = :j7— -j (/= 1, 2, . . . 2A;), 



there exists one and only one determination of the coefficients 0/ S,c(x) snch that 

Sk{Xi)=yi (^•= 1, 2, ... 2A;+ 1), 

and this determination is given hy formulae (65), in which we must let 
m = ik + 1. 

We have thus made theorem I very much more precise in the special case 
in which the points x^, • • • x^j.-\-\ are evenly distributed throughout the in- 
terval — ir < X ^ TT. The question now presents itself whether we cannot do 
something of the same sort in the general case. Before considering this 
question (cf. theorem VII), we must first establish an important theorem of 
a different nature due to Sturm. t 

IV. If the constants a„ and b„ are not both zero, and also a^ and b^ are 
not both zero, the function 

k 

<f>{x) = ^^ (a„ cos nx + 6„sinnx) (0 S m ^ k) 

m 

vanishes and changes sign at at least 2ni and at most 2k distinct points of the 
interval — tt < x ^ tt. + 



• For Lagrange's method of establishing this result, cf. Byerly's Fourier's Series, etc., 
pages 30-36. See also Biirkhardt's Bericht, pages 27-42. Lagrange considered, it is true, not 

k 

the finite series 8^{x) bat the more special series 2 bn sin nx, and his result is the special case 

I 
of that here given in which % -|. 1 = 0, and 2/j + j _ t = — jrj ^. 1 ^. ,-. 

^ Liouville's Journal, vol. 1 (I83fi), p. 433. The proof here given is essentially that of 
Liouville, ib.p 269. Both Sturm and Liouville consider the far more general question of series 
whose terms instead of being sines and cosines are solutions of certain differential equations. 

J This theorem is well illustrated by the last two diagrams on plate XVI of the paper by 
Mlchelson and Stratton referred to in the foot note on p. 130. See also the curves on pages 61, 
62 of Donkin's Acoustics. 
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In order to prove this, let us consider the infinite set of functions 

k 

<t>t (x) = y^ n2«(a„ cos nx + ft^sin nx) (isz . . ■ -3, -2, —1, 0, 1, 2, • • •). 

m 

All of these functions have the period 27r, and they satisfy the relation 



dx^ 



= -<^i+i(a5). 



Moreover <}>o(x) = <f>(x) . From these facts we readily infer by an application 
of Bolle's theorem that iij > i the function 4>j{x) vanishes and changes sign 
at least as often as <^t(a;) in the interval — m- < x ^ ir. Our theorem will 
thei'efore be established if we can show that when i is a large positive integer 
<^,(a;) vanishes and changes sign just 2k times in the interval — tt < x S ir, 
and that (vhen i is a large negative integer <^,(x) vanishes and changes sign 
just 2m times. For this purpose we notice that 

<E>,(x) = /fc- »^,(x) » 2^ Q^ (a„cosnx + 6«8in»x ^ 

in 

vanishes and changes sign the same number of times as <^,(x). Moreover an 
inspection of the value of <I>,(x) shows that 

<=T"» <l>j(a;) = ajcos kx + ijtsin kx, 

. ll'" T— ^i{x) = — ka,c sin kx + hb^ cos kx, 

and that these limits are approached uniformly for all values of x. Accord- 
ingly * for large positive values of i, ^,(x) vanishes and changes sign the same 
number of times as the function aj. cos kx + b^ sin kx ; and, since this func- 
tion may be written in the form \la\ + b\ cosk{x — c), it vanishes just 2k 
times in the interval — tt < x S 27r. That 4>i{x) vanishes just 2m times when 
i is a large negative integer is seen in the same way by considering the func- 
tion m-*»' ^,(x) whose limit is a„cosmx + 6„sinmx. 

Since the function 4>{x) of the last theorem is an analytic function of x, 
we may consider the multiplicity of each of its roots. 

* The reader should supply the details of the reasoning here. We have to deal with a 
special case of the theorem proved by the ■writer in the Annals, vol. 6 (190£), p. %\. 
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V. The .ittwi of the muUtpltcitien of the roots tn the interval — ir < i ^ t 
of the function <f>(x) of theorem IV cannot exceed 2k. 

For combining with Rolle's theoi'eni the fact that at a multiple root of an 
analytic function its derivative has a root of multiplicity one lower, we aee 
that if the sum of the multiplicities of the roots of ^(a;) in the interval 
— nr < X ^ IT exceeded 2A;, the same Would be true for every function ^,(x) 
where i is positive. But when i is very large, the proof of theorem IV shows 
that «^,(a;) has, in this interval, 2A; roots all of which are simple. Thus our 
theorem is proved. 

A slightly different and often useful form of the theorem just proved is 
the following : 

VI. If the function 



3k(^)= -i+^\ (a^coanx +6„sinnx) 



vanishes at more than 2k points in the internal — n < x ^ ir (or if the SH7n of 
the orders of its rooti in this interval ic greater than 2k), all of its coefficients 
an and b„ are zero. 

We are now in i!i position to supplement theorem I by the following 
theorem: 

Vll. Only one determination of the coefficients in (60) is possible which 
fulfills conditions ( 6 1 ) . • 

For if two such determinations were possible, the difference of the two 



* Explicit expressions for these coefflcieDts may be fooad by solving by determia«Dts th« 
following system of linear equations : 

a. * 

^ + 2(o,co8iu;. + 6,8innx,)«xy. (t = 1, 2, . . . 2k + I). 

Since we linow from tlieorems I and VII ttiat tliese equations have one and only one solu- 
tion, tbeTr determinant is not zero. Tlius we get incidentally the result : 

ffxi,... Xtt+.i are any real quantities no two of which differ by an integral multiple of 2ir, 
then 

1 cos »i sin 3;i cos »ei sin 3jei . . . cos /fcz) sin lOti \ 
1 eds aSj sin xj cos 2*2 sin 2fc; ... cos kx-2 sin *X2 



1 cos«a+i 9ina;2t+i cos2«a+i sinZfc^t+i ... cos kx-Uf^^ sinit«U4.i 



^ 0. 
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functions Si;{x) thus determined would be a finite trigonometric series whose 
coefficients, by VI, must all be zero. 

Turning now from the theory of finite trigonometric series to more gen- 
eral questions, we are in a position to prove the following theorem, which is 
essentially due to Liouville :* 

VIII. If FiTi) has the period ^ir and in any finite interval has only a 
finite number of discontinuities and is such that f | -F{x) | dx converges 
when extended over any finite interval; ani if the Fourier^s constants 
Oq, Oj, • • • fli — i, 61, • • • b]._i of F{x) are all zero, then F{x) either vanishes 
at all points where it is continuous, or changes sign-f at least 2k times in the 
interval — tt < x ^ tt. 

To prove this suppose that F(x) changed sign less than 2k times in this 
inttrval, but did not vanish at all points where it is continuous. Call the 
points where these changes of sign occur Xj, x^, • • ■ x^^, (their number being 
necessarily even since Fix') is periodic) or, if these changes of sign occur at 
segments, take one of these x's in each such segment. Now form the function 

m 

<^(x) = ^ ao + ^y" (a„ cos nx + /S„ sin nx) , 
1 
which vanishes at all these points, v,\i\\e at some point where F is continuous 
and does not vanish, it has the same sign as F{x) . The possibility of thus de- 
termining the coefficients of (^ follows from I. Since <^, as thus determined, 
has 2m roots in the interval — ir < x ^ it but is not identically zero, it can, 
by VI, vanish nowhere else in this interval, and all these roots must be simple 
roots. Accordingly <^ changes sign at each of the points Xi, ■ ■ ■ x^^, and must 
thei-efore, except where F{x) vanishes or is discontinuous, have the same sign 
as F{x) everywhere. Hence 



/: 



F{x)il>{x)dx > 0. 



* Linvville's Journal, vol. 1 (1836), p. 2fi4. Lionville tries to Infer that If all the Fourier's 
constants of a continuous function are zero, the function must be Identically zero, whereas 
one can merely infer that the function vanishes an Infinite number of times, cf. Ill, §4. 

t We say that F changes sign at a point c when and only when, no matter how small t may 
be, two points x', x" can be found sach that c — e < x' < c x" < c -\- e and such that F{x'), 
F(x") have opposite signs. It should be lioticed that the value of F at the point c is in no way 
concerned. F may also change sign not at a point but at a segment cd if it vanishes at all but 
a finite number of points of this segment, and if, no matter how small e may be, two points 
x' and x" can be found such that c — e < x' < c < d < x" < d + t and such that F(x'), F{x") 
have opposite signs. 
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Keplacing <f> by its value, this integral reduces to 

m 



^» + ^ 2 ("""" + ^"^») = ^- 



Thus the assumption m < k has led to a contradiction and our theorem is es- 
tablished. 

The theorem just proved may be applied to a function f{x) none of 
whose Fourier's constants are assumed to vanish by taking as the function 
F{x) the difference between y(a;) and the sum of the first ^ + 1 terms of the 
Four.ier's development of this function. We thus get the result : 

IX. If j{x) has the period 27r and in any finite intei-val has only a 
finite number of discontinuities, and is such that /|/(x) \dx converges when 
extended over any finite interval; and iSj.{x) is the sum of the first h+\ 
terms of the Fourier s development of f{x), then the approximation curve 
y = jSic{x) crosses* the curve y =f{x) at least '2k + 2 times in the interval 
— ir < X S: IT. 

It should be noticed that the conditions of this theorem do not imply the 
convergence of the Fourier's development of/(x), but that the theorem applies 
to the approximate representations of /(a;) considered in §1. This theorem 
is well illustrated by the diagrams on pages 63, 64 of Byerly's Mementary 
Treatise on Fourier's Series, etc., as well as by the diagrams by Michelson and 
Stratton, referred to on page 130. 

11. Diriclllet's Integrals. In order to penetrate more deeply into the 
theory of the convergence of Fourier's series we now turn to the kind of con- 
sideration first successfully applied to this question by Dirichlet.f 

I. If in the interval gi ^ ^ h the function F{/3) has only a finite num- 
ber of discontinuities and /^| F(0) \d^ converges, then 



lim f F(^)amk^d/3 = 0.t 
'=+* Jg 



* The curves may cross each other without cutting at points where /(x) is cliscontiiiuous. 

t Crelle's Journal, vol. 4 (1829), p. 157. 

J This theorem was stated by Dirichlet In nearly as general a form as this In a letter to 
Qanss dated 1853 ( Dlrlchlet's Collected Works, vol. 2, p. 386), but In the proof there given he 
tacitly makes further restrictions on his function. 
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We prove this theorem first in the special case in which F is continuous 
throughout the interval g ^ fi ^ h.* 

Let us divide this interval into y = 2'" equal parts by the points 
Qf, = g, a-i, a^, • • • a^ _ i , o^ = A ; and write 

9 

r— 1 

-2 



i 



Accordingly, if we denote by M the upper limit of | F(^) j in the interval yA, 
and by ij the greatest oscillation t of F in any one of the intervals <i^i, e^a^^ 
• • • a, — 1<V> we have 

8o far We have not restricted the value of the integer r = 2* on which tj 
depends. Let us now choos6 it as the largest integral power of 2 whifeh does 
not exceed ^k. Then 2Mr/k ^ 2M/\k, which approaches zero when k = ao. 
Since r becomes infinite with k, rj approaches zero as k becomes infinite .4 
Hence the whole expression (66) approaches zero, and the special case of I is 
proved. 

Turning now to the general case, suppose that F has « disconUnuilies in 
th« inlbei*val g ^ ^ ^ h. Our theorem Will be proved if we can show that how- 
ever small the positive quantity e may be, a positive constant K can be found 
SB^ that 



(67) |JV(/3)Si 



Sin k^d^ 



< € 



when k > K. 



• The proof in the more general case in which F(fi) is finite and integrable was given by 
Biemann (1854), Ges. TTerie, 2d. ed., p. 254. We follow Staeckel, Leipziger Berichte, vol. 53 
(1901), p. 148. 

t By the oscillation of a function in an interval is understood the difference between Us 
upper and lower limits in that interval. 

t Since, when we divide an interval into 2"* equal parts, the integer m can be taken so 
Ikrge that the oscillations of a given function (which is supposed to be continaous within and 
at ttie extremities of the interval) are less, in all these parts, than an arbitravily given po^tiv« 
constant. See Picard's Traite cCanalyse, vol. 1, p. 3. 
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Surround each of the n points of discontinuity of i'' by a neighborhood so 
small that /|i^(/8) \d^ < e/(2n), the integral being extended over any one of 
these neighborhoods. It follows that for all values of k the sum of the n in- 
tegrals /i^(j8) sin A"ySd/S, each extended over one of these neighborhoods, is, 
in absolute value, less than is. By the special case of I which has been 
proved, fF(/3)3in kfid^, when extended over a fixed interval which does not 
reach up to a point of discontinuity of F, approaches zero when A: = oo . Ac- 
cordingly the same will be true of the sum of the integrals of this form ex- 
tended over all parts of the interval gh except the neighborhoods, above men- 
tioned, of the points of discontinuity. In other words a constant iiT can be 
determined such that when k > K the sum of these integrals is, in absolute 
value, less than ^e. Thus by first taking the neighborhoods of the points of 
discontinuity small enough, and then choosing K large enough, we have satis- 
fied (67). 

II. If F{^) has ordy a finite number of dit>continuitiex in the interval 
^ ^ ^ h, and the limit F(+0) exists, and if the integral 

(68) £ \J'm-n^o)i ,g 

converges, then 

(6») k^lZ /* ^^^^ ^^^/3 = i'^F(+ 0). 

This theorem, which was essentially known to Dirichlet in 1853,* though 
first published by Dinit follows from I if we write 

By I, the last of these integrals approaches zero when k = ao . Letting 
z s= /fej9, the other integral may be written 

Jo « 

• See the letter to Gauss referred to above. 
t Serie di Fourier, Pisa, 1880, p. 87. 
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from which II follows by the well known formula* 



i 



+» sin z -. IT 

dz — -• 

z 2 



We shall find it convenient to lay down the following definition : 
Conditions (A+) and (A_). A function F(0) shall be said to satisfy 
condition (^4.) at a point c if it is continuous throughout a certain internal 
c < /S S e + 6, if the limit F{c + 0) exists, and the integral 

i-c+^\F{l3) - F(c+ 0) 



<'"> / 



d0 



^-c 

converges. If shall be said to satiifi/ condition (A_) at c if it is continuous 
throughout a certain interval c — B ^ ^ < c, if the limit F(^c — 0) exists, and 
the integral 

\F{^) - F{c - 0) 



(71) r 

Jo-l, 



dfi 



13-c 
converges. 

It will be noticed that the fractions in (70) and (71) are simply the for- 
ward and backward difference quotients of i^ ate. Accordingly, since these 
integrals must converge when their integrands approach finite limits at c, we 
may say : 

III. If' F has a fnite forward derivative at c, (70) converges. Iff has 
a finite backward derivative at c, (71) converges. 

Or more generally : 

IV. Integrals (70) and (71) respectively will converge if F satisfies the 
first or second of the inequalities 

\Fifi) - F(c + 0) I < /r(/S - c)" (c < /S ^ c + S), 
\F(0) - F{c - 0) I < K{c - ^y (c - 8 ^ )8 < c), 

where K and a are positive constants. 

Theorem II may now be thrown into the following convenient form : 

V. If in the interval g ^ ^ ^ h the function F{^) has only a finite num- 
ber of discontinuities, and /* | J^(y3) |d/3 converges, and if c is a point 
(g < c < h) at which F sati>fies conditions (-4^) and (^_), then 

( ^^) i=+cc r^(^) ''^" fi^- ~c "'' ^^ = ^\ ^^^ + ^^ + ^("^ - ^^) I' 
* See for instance Osgood's Funktionentheorie, vol. 1, p. 246. 
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To prove this, write the integral in (72) as the sum of the integrals from 
^ to c and from c to h, and make in the first the change of variable /3' = c — /S, 
in the second 0" = ^ — c. Thus both integrals are reduced to the form (69) , 
and our theorem follows at once. 

We add the following theorem which we shall need in the next section. 

VI. If Fi{^) and F^l^) satisfy condition (-4^.), [or (-<4_)] at c, their 
sum and product both satisfy this condition at c. 

That this is true for the sum is obvious. To prove it for the product 
F(^) = F,{^)Ft{^), write 

F{0) - F(c + 0) ^ ^^^ F,{0) - F,{c +0) p . , n, ^li^) - ^i(<^ + Q) 

— r=~c — = ^'^^^ — w^c — + ^'^'+^^ — T^c 

The part of the theorem referring to (A^) follows from this equation. The 
part referring to (-4_) may be proved in a similar way. 

12. Dirichlet's Second Sufficient Condition for the Conver- 
gence of Fourier's Series (Dini). It will be convenient to lay down 
the following definition : 

Condition B. A function f{x) shall be said to satisfy condition {B) if 

1 ) it has the period 27r ; 

2) in the interval — ir ^ x ^ ir it has at most a finite number of 
discontinuities ; 



3) the integral I \f(x)\dx converges. 



These conditions are sufficient to secure the existence of the Fourier's 
constants of/(x) :* 

a, = i r/(/3) cos p^ d^, b,= - f'f(fi) sin v^ d^. 

They are, however, not enough to ensure the convergence of the Fourier's 

♦ Instead of condition 3) , it would be sufficient for this purpose to assume that f^ f(x)dx 
convei^es, as is readily seen by an integration by parts. 
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development of /(x).* To secure this convergence further conditions must 
be imposed on f{x) as, for instance, in the following theorem : 

I. The Fourier s development of a function f(x) which »atisfies condition 
(B) converges to the value i[y(x + 0) + f(x — 0)] at every point where j(^x) 
satisfies conditions {A^) and (-4_) . 

To prove this, consider the sum of the first n + 1 terms of the Fourier's 
development o{f{x) : 

n 

Sn{x) — ^tto + 'V^ (Of cos vx -\- b^ sin vx) . 
1 

Substituting here for a^ and b^ their values written above, we have 

S„{x) = ^ T/C^)!* + cos(/S-x)+cos2(/3-a;)+ • • • + cos n(y8 - x) | d/S, 

which by a well known trigonometrical identity (formula (46) above) reduces 
to 

Since the integi-and here is a periodic function of yS of period 2'jr, the 
limits of integration may be changed to g and g + 2^, where g may be chosen 
at pleasure. Let us take g in such a way that the point x we wish to consider 
lies in the interval g < x < g + 27r. "We may now write (73) in the form 

(74) S^ix) = i r-' F(0) sin[(. + ^)(^-.)] ^^^ 

IT Jg P — X 

where F{^) =f(^) ■ f(^) and 

It is clear that/i^^/S) satisfies conditions (-4+) and (A_) at x since it is con- 
tinuous there and has a finite derivative. Accordingly, if /(/S) satisfies con- 

* This fact has been established by the formation of functions whose Fourier's develop- 
ments diverge at certain points. In fact functions have been formed which are everywhere con- 
tinuous but whose Fourier's developments diverge at points everywhere dense. It is not known 
whether continuous functions exist whose Fourier's developments diverge at all points. The 
most recent work on the questions here referred to is by Hobson, Proc. Lond. Math. Soc, ser. 
2, vol. 3 (1905), p. 48. Heferences to earlier work are there given. 
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ditions (-4+) and (A_) at x, the same will (by VI §11) be true of F(/3), and 
F(x + 0) =f{x + 0), F(x - 0) =/(x - 0). Hence (by V §11) S^ix) ap- 
proaches iLy(a; + 0) +f{x — 0)] as n becomes infinite, and our theorem is 
proved. 

A reference to theorem III of §11 shows that the convergence of the 
Fourier's series at a point x will be secured if in addition to condition (B) we 
demand thaty(a;) have a finite forward and a finite backward derivative at 
that point. Our theorem also includes many cases — all that are likely to oc- 
cur in practice — of infinite derivatives, namely (IV §11) all those in which 
/(/S) has the form C + (^ — xy<f>(^) where < a < 1 and <f> is finite at x. 

There is an essential difference between the condition for convergence of 
Fourier's series obtained in this section and those obtained earlier in this 
paper. Condition (B) or a still narrower condition has been imposed in all 
cases in order to secure the existence of the Fourier's constants. The further 
condition imposed in §§5, 7 was that y have a derivative which in any finite 
interval has at most a finite number of finite discontinuities. This condition 
imposes a restriction on f{x) throughout the whole interval — ir < x < tt, 
whereas conditions (A^) and (A^) , which we now impose, restrict the nature 
of the function only in the immediate neighborhood of the point at which the 
convergence of the series is to be considered. In fact we may readily deduce 
from formula (73) in combination with theorem I §11 the following result, 
which, in a still more general form, is due to Riemann : 

II. The convergence at a point x of the Fourier's development of a func- 
tion which satisfies condition (B) depends merely on the nature of the function 
in the immediate neighborhood of x. 

13. Dirichlet's First Sufficient Condition for the Convergence 
of Potirier's Series (Jordan). We begin by recalling the Second Law of 
the Mean which, in its simplest form, is as follows :* 

The Second Law of the Mean. If in the interval g < ^ < h the two 
functions <|)(/3) and -^(yS) are finite and continuous while the fivit of them is 
nowhere negative in this interval and never decreases as ^ increases, then 

£ ^{^)y^{^)dp = <f,(h - 0) /"V(yS)rf/3 (g<^<h). 

* Bonnet's original proof is reproduced by Picard Traite d'analyse, 2d. ed., vol. 1, p. 8. 
See also C. Neumann Ueber die nach Kreis-, Kugel- und Oylinder-Functionen fortschreitenden 
Entwickelungen, p. 34. 
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We follow Bonnet* in using this theorem to deduce the result which forms 
the starting point of Dirichlet's classic paper : 

I. If in the inieroal < ^ < k the function -P(/S) is finite, continuous, 
and nowhere decreasing, then 

As in the proof of II §11, this theorem will be proved if we can establish 
the formula 

(74) ,1™„ I' {i^(/3) - F(+ 0) I ?^ d^ = 0. 

Let i be a constant satisfying the inequality < b < h. • By the second 
law of the mean, 

i75)£[n0)-Fi+O)Y^dfi=[Fif»-F(+O)]£'^d^ (0<f<5). 

Jr^ sin z 
' dz is convergent, there exists a positive constant M such that, 
2 



for all positive values of ^, / dz 



< M. Accordingly 



\M P \ \J ^ Jo 



2M. 



Hence by taking 6 so small tii&t\F(b) — F(+0)\ <€/(4J!f),we can 
make the integral (75) less in absolute value than Je for all values of k. 
On the other hand we have (by I §11), b being regarded as fixed, 

,1™. f {^(0) - ^(+ 0) Y^d^ = 0. 

* Memoires de I'Academie de Belgique, vol. 23 (1850), p. 16. 
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By first choosing b sufficiently small, and then taking K sufficiently large, we 
thus have, when k > K, 



I jT" |f(/3) - F{+ 0)| '-^tZ/SJ S j' |i^(/3) - F{+ 0)| 



sin k^ 



d^ 



+ 



j^^F^^)^Fi^^)Y^d^ 



< e. 



This inequality being equivalent to (74), our theorem is proved. 

We now proceed to generalize theorem I. For this purpose we lay down 
the following 

Definition. A continuous function /{0) is said to have limited varia- 
tion in an into'val g < fi < h if it can be written in the form 

(76) /(^) =/i(^) -A(^). 

where throughout the interval f and f^ are continuous, finite, and positive, and 
never decrease. 

The theory of these functions as developed by Jordan* will not be neces- 
sary for our purposes, but only the following facts which follow from (76). 

In the first place the limits f{g + 0) and f{h — 0) exist. 

Secondly the sum and product of two continuous functions with limited 
variation are continuous functions with limited variation. 

Finally any continuous function which in a given interval is finite and 
never decreases (or never increases) has limited variation there ; for in the 
first case it can be written in the form [c +/(/3)] — c, in the second in the 
form c — [c — /(/S)], which, if the constant c is properly chosen, have the 
form (76). 

Conditions (C^) and (C_). A function F{^) shall be said to satisfy 
condition (C+) {or {G—)'\ at c if throughout a certain interval c < a; < c + S 
\or c — S < aj < c] it is continuous and has limited variation.] 

* Oours d'analyse, vol. 1, p. 54. See also Plerpont's Functions of Real Variables, p. 349. 
Jordan's starting point (C. R. 1881) was precisely that indicated in the text. The restriction 
we have made that the function be continuous is not necessary and was not made by Jordan. 

t The functions which most frequently occur In practice satisfy, at all points where they 
remain finite, both conditions {A) and conditions (C). These conditions are, however, not 
coextensive, nor does either Include the other, as the two functions |3 sin (1//3) and 1/log | § | 
show. The first of these satisfies conditions (A) at the point ^ = but not conditions (C) (cf. 
Pierpont, 1. c, p. 352), while the second satisfies conditions (C) but not conditions {A) at this 
point. 
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A special case in which these conditions are satisfied is the following : 

II. If a function has only a finite number of discontinuities in an in- 
terval, it satisfies conditions (0^) and (C_) at any point of this interval 
where it remains finite and in whose neighborhood it does not have an infinite 
number of maxima and minima. 

We now see, by using (76) , that I still holds if we merely require F{P) 
to be continuous and to have limited variation in the interval < /3 S A. We 
may even go a step further and require merely that -f (/8) satisfy condition 
( C_^) at the point /3 = 0, that it have only a finite number of discontinuities, and 
that /J I F{^) I cZ/8 converge, as we see by breaking up the interval OA into the 
two intervals OS and SA and applying theorem I § 1 1 to the second of these 
intervals. 

Theorem I thus generalized admits of immediate extention to the follow- 
ing form : 

III. Theorem V §11 still holds if the requirement that F satisfy condi- 
tions (A^) and (-4_) at c be replaced by the requirement that it satisfy con- 
ditions (C+) and (C_) there, or if either of these changes be made. 

From this we pass, exactly as in §12, to the final result : 

IV. The Fourier's development of a function fi^x) which satisfies condi- 
tion (B) converges to the value i\^f(x + 0) +f(x — 0)] o< every point where 
f{x) satisfies either condition (A^) or (C\) and also either condition (A_) 
or (C_). /n particular it converges to this value at every point in whose 
neighborhood f{x) does not have an infinite number of maxima and minima. 

It follows that ]Sf{x) does not have an infinite number of maxima and 
minima in the interval — tt < a; < tt, its Fourier's development will converge 
to the value i[f(x + 0) + f{x — 0)] at every point where f{x) is finite ; a 
result which includes that originally established by Dirichlet. 

14. Conclusion. Certain important aspects of the theory of trigono- 
metric series which, for want of space, we have been unable to treat at length 
will now be briefly referred to. 

The question of obtaining as broad sufiicient conditions as possible for 
the convergence of Fourier's series occupied the attention of many mathemati- 
cians during the last half of the nineteenth century. The reader wishing to 
penetrate into this field of research may turn to an important article by 
Lebesgue, Math. Ann., vol. 61 (1905), p. 251. 

Simultaneously with these investigations, researches of a more general 
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character concerning trigonometric series appeared during the years imme- 
diately succeeding the publication in 1867 of Eiemann's great paper on trigo- 
nometric series. From these we mention first Heine's results concerning the 
uniform convergence of Fourier's series,* and then the following two impor- 
tant theorems first completely proved by G. Cantor. 

I. If d trigonometric series converges at all points of an internal 
A < X < B, its coefficients a„ and fi„ approach zero when n = oo .f 

II. If two trigonometric series converge to the same values at all but a 
finite number of points of the hiterval — tt < x < rr, their corresponding coeffi- 
cients are equal. % 

Recently a new turn (related, however, to Poisson's method of converg- 
ence factors) has been given to the theory of Fourier's series by the investiga- 
tions of la Vallee Poussin,§ Hurwitz,|| and Fejer,! in which it is shown how 
even though the Fourier's development of a function diverge, the series may 
still be used to advantage. The work of the first two of these mathematicians 
has already been touched upon in this paper (pages 107, 117, 118). Fejer's 
main result is the following : 

III. If f{x) satisfies condition (J3) of §13,** and if /Sk{x) denotes the 
sum of the first k + 1 terms of its Fourier's development, then 

mH|-%+--^i(^)^+_^-- + -^^»(^)| ^ i |/(^ + 0) +/(:. - 0) } 

at every point where f(x) is continuous or has a finite jump, and this limit is 
approached uniformly throughout any intei-val A ^ x ^ B where f{x) is con- 
tinuous. 

It is of considerable practical importance to be able to get quickly the 
numerical values of the first few Fourier's constants of a given function. 
Special instruments, known as Harmonic Analysers, have been devised for 

* See Picard, Traite d'analyse, 2d ed., vol. 1, p. 256. 

t Math. Ann., vol. 4 (1871), p. 139. French translatlou iu Acta. Math., vol. 2, p. 329. If, 
In this theorem, we assume the convergence to be uniform, the proof becomes very simple. 
Cf. Heine, Cnlle's Journal, vol. 71 (1870), p. 357. 

t See Picard, Traite d'analyse, 2d ed., vol. 1, p. 269. 

§ See foot-note p. 107. 

11 See foot-note p. 107. Also Math. Ann., vol. 57(1903), p. 425. 

1 Math. Ann., vol. 58 (1904), p. 51. 
** Fejer's condition is much broader than this. 
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this purpose.* Such instruments, however, being expensive, other methods 
are in more common use. Cf. Runge, Theorie und Praxis der Reihen, p. 147- 
164, and Zeitschrift fur Math. u. Physik, vol. 52 (1905), p. 117 ; Lyle, Phil. 
Mag. ser. H, vol. 11 (1906), p. 25; and, for numerous further references, 
S. P. Thompson, Proc. Phys. 8oc. of London, vol. 19 (1905), p. 443. 

Finally we refer to Cauchy's application of his method of residues to 
prove the convergence of Fourier's series, f This method, as Cauchy 
pointed out, is applicable to many other similar expansions. For such gen- 
eralizations (made partly by this and partly by other methods) we refer to : 

Dini, Serie di Fourier. 

C.Neumann, UeberdienachKreis-,Kugel- und Cylinder-Functionenfort- 
schreitenden Entwichelungen. 

Jordan, Cours d' analyse, vol. 2, chap. 4. 

Kneser, Math. Ann., vol. 58 (1904), p. 81. 

Dixon, Proc. Lond. Math. Soc, vol. 3 (1905), p. 83. 

Hilbert, Gottinger JSfachrichten, 1904, pp. 49, 213. 

Schmidt, EntwicTcelung willkiirlicher Funktionen nach Systemen vorge- 
schriebener. Dissertation, GSttingen, 1905. 

Harvard University. 

Cambridge, Mass. 

•Cf. p. 130. An analyser constructed by Coradi is described on p. 165 of Klein's Anwendung 
d, Diff. u. Int. Bechnung auf Geometrie. 

tSee Picard, Traiu d'analyse, vol. 2, chap. 6 §n. 



